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(some) big questions for nucl. structure 
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shell evolution
• (dis-)appearance of 

magic numbers

nuclear matrix elements & weak interaction
• 0νββ-decay & neutrino masses

• Vud of the CKM matrix

limits of nuclear existence
• island of stability for super- heavies
• location of drip-lines
• threshold phenomena (e.g. halos, ...)

⇒ challenges for understanding of nuclear forces & models
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Fig. 1. NN phase shifts for the Argonne v18 [18] (solid), CD-Bonn [19] (dashed), and one of the chiral N3LO [20] (dotted) potentials in selected channels
(using non-relativistic kinematics). All agree with experiment up to about 300 MeV.

Fig. 2. (a) Several phenomenological NN potentials in the 1S0 channel from Ref. [21]. (b) Momentum–space matrix elements of the Argonne v18 (AV18)
1S0 potential after Fourier (Bessel) transformation (see footnote 1).

heavy meson exchange (ρ, ω, ‘‘σ ’’). The short-range part of the potentials in Fig. 2(a) is a repulsive core (often called a ‘‘hard
core’’).

Nuclear structure calculations are complicated due to the coupling of low to high momenta by these potentials. This is
made clear by the Fourier transform (that is, the Bessel transform in a given partial wave), as shown in Fig. 2(b). We feature
the Argonne v18 potential [18] because it is used in the most successful high precision (� 1% accuracy) nuclear structure
calculations of nuclei with mass number A � 12 [22–24]. For our purposes, the equivalent contour plot in Fig. 3 is a clearer
representation and we use such plots throughout this review.1 The elastic regime for NN scattering corresponds to relative
momenta k � 2 fm−1. The strong low- to high-momentum coupling driven by the short-range repulsion is manifested in
Fig. 3(a) by the large regions of non-zero off-diagonal matrix elements. A consequence is a suppression of probability in the
relative wave function (‘‘short-range correlations’’), as seen for the deuteron in Fig. 3(b).

The potentials in Fig. 2(a) are partial-wave local; that is, in each partial wave they are functions of the separation r alone.
This condition, which simplifies certain types of numerical calculations,2 constrains the radial dependence to be similar to
Fig. 2(a) if the potential is to reproduce elastic phase shifts, and in particular necessitates a strong short-range repulsion
in the S-waves. The similarity of all such potentials, perhaps combined with experience from the Coulomb potential, has
led to the (often implicit) misconception that the nuclear potential must have this form. This prejudice has been reinforced
recently by QCD lattice calculations that apparently validate a repulsive core [25–28].

For finite-mass composite particles, locality is a feature we expect at long distances, but non-local interactions would
be more natural at short distances. In fact, the potential at short range is far removed from an observable, and locality is
imposed on potentials for convenience, not because of physical necessity. Recall that we are free to apply a short-range
unitary transformation U to the Hamiltonian (and to other operators at the same time),

En = �Ψn|H|Ψn� =
�
�Ψn|UĎ

�
UHU

Ď
�
U|Ψn�

�
= ��Ψn|�H|�Ψn�, (1)

1 In units where h̄ = c = m = 1 (with nucleon mass m), the momentum–space potential is given in fm. In addition, we typically express momenta in
fm−1 (the conversion to MeV is using h̄c ≈ 197 MeV fm).
2 For example, in current implementations of Green’s Function Monte Carlo (GFMC) calculations [22], the potential must be (almost) diagonal in

coordinate space, such as the Argonne v18 potential.

‘ingredients’ well understood, BUT
• A! and A generally too small for stat. approach
• nucleons composites of quarks: force between nucleons?

• repulsive core of NN-force 

⇒ large model spaces
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S.K. Bogner et al, Prog. Par. Nuc. Phys., 65,94, (2010) 
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resolution 

4

probe atomic nucleus at low E
➡ details not resolved

high energy: quarks resolved
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separation of scales

5

work only with relevant d.o.f:
➡ effective field theory
➡ renormalization group

bridge QCD to nuclear forces

typical momenta in nuclei ∼mπ
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chiral EFT

Hamiltonian:
• use p,n, pions
• most general H consistent with QCD

6

H(Λ) = T + VNN (Λ) + V3N (Λ) + V4N (Λ) + ...

resolution scale / cut-off
3 body forces!

➡ systematic expansion in Q/Λ
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Fig. 4. (a) Chiral EFT for nuclear forces. (b) Improvement in neutron–proton phase shifts shown by shaded bands from cutoff variation at NLO (dashed),
N2LO (light), and N3LO (dark) compared to extractions from experiment (points) [31]. The dashed line is from the N3LO potential of Ref. [20].
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Fig. 5. (a) Differential cross section (inmb/sr) and vector analyzing power for elastic neutron–deuteron scattering at 10MeV (top) and 65MeV (bottom) at
NLO (light) and N2LO (dark) from Ref. [36]. (b) Ground-state energy of 6Li at NLO and N2LOwith bands corresponding to theΛ variation over 500–600MeV
compared to experiment (solid line, see Ref. [36] for details).

is still considerable off-diagonal strength above k = 2 fm−1, which remains problematic for nuclear structure calculations
(and the coupled 3S1–3D1 channel is generally worse).3 One might think the solution is to simply fit with a smaller Λ, but
then the fit worsens significantly as the truncation error grows with Q/Λ.

3 Note that the cutoff associated with the potential in Fig. 6(a) is Λ = 500 MeV, which might lead one to expect no strength above k ≈ 2.5 fm−1.
However, the regulator does not sharply cut off relative momenta.

E. Epelbaum et al., Rev. Mod. Phys., 81, 1773 (2009)
S.K. Bogner et al., Prog. Par. Nuc. Phys., 65,94, (2010) 
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example for renormalization: Vlow,k
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Fig. 9. Schematic illustration of two types of RG evolution for NN potentials in momentum space: (a) Vlow k running in Λ and (b) SRG running in λ. At each
Λi or λi , the matrix elements outside of the corresponding lines are zero, so that high- and low-momentum states are decoupled.

Fig. 10. Two types of RG evolution applied to one of the chiral N3LO NN potentials (550/600 MeV) of Ref. [44] in the 3S1 channel: (a) Vlow k running in Λ
and (b) SRG running in λ (see Fig. 27 for plots in k2, which show the diagonal width of order λ2).

‘‘At each scale, we have different degrees of freedom and different dynamics. Physics at a larger scale (largely)
decouples from the physics at a smaller scale. . . . Thus, a theory at a larger scale remembers only finitely many
parameters from the theories at smaller scales, and throws the rest of the details away. More precisely, when we
pass from a smaller scale to a larger scale, we average over irrelevant degrees of freedom. . . . The general aim of the RG
method is to explain how this decoupling takes place and why exactly information is transmitted from scale to scale
through finitely many parameters.’’

The common features of RG for critical phenomena and high-energy scattering are discussed by StevenWeinberg in an essay
in Ref. [64]. He summarizes:

‘‘Themethod in itsmost general form can I think be understood as away to arrange in various theories that the degrees
of freedom that you’re talking about are the relevant degrees of freedom for the problem at hand.’’

This is the heart ofwhat is donewith low-momentum interaction approaches: arrange for the degrees of freedom for nuclear
structure to be the relevant ones. This does not mean that other degrees of freedom cannot be used, but to again quote
Weinberg [64]: ‘‘You can use any degrees of freedom you want, but if you use the wrong ones, you’ll be sorry.’’

There are two major classes of RG transformations used to construct low-momentum interactions, which are illustrated
schematically in Fig. 9. In the Vlow k approach, decoupling is achieved by lowering amomentum cutoffΛ abovewhichmatrix
elements go to zero. In the SRG approach, decoupling is achieved by lowering a cutoff λ (in energy differences λ2) using flow
equations, whichmeans evolving toward the diagonal inmomentum space. The technology for carrying out these is outlined
in Section 3, but the effects can be readily seen in the series of contour plots in Fig. 10(a) and (b).

With either approach, lowering the cutoff leaves low-energy observables unchanged by construction, but shifts
contributions between the interaction strengths and the sums over intermediate states in loop integrals. The evolution
of phenomenological or chiral EFT interactions to lower resolution is beneficial, because these shifts can weaken or largely
eliminate sources of non-perturbative behavior, and because lower cutoffs require smaller bases inmany-body calculations,
leading to improved convergence for nuclei. The RG cutoff variation estimates theoretical uncertainties due to higher-
order contributions, to neglected many-body interactions or to an incomplete many-body treatment. When initialized with
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NN from N3LO

➡ decouples high and low 
momentum modes

➡ only low momentum
➡ note: potential is NOT an 

observable!

S.K. Bogner et al, Prog. Par. Nuc. Phys., 65,94, (2010) 
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origin of 3-body forces

8

• nucleons: composite particles

• induced 3N forces
χEFT non-renormalizable

➡ at each order: counter terms  + new interaction terms in Lagrangian
➡ new, free coupling constants
➡ but as cut-off is ‘physical’ (=true separation of scales) suppressed by (Q/Λ)n

Why are there three-nucleon (3N) forces?

Nucleons are finite-mass composite particles,

can be excited to resonances

dominant contribution from !(1232 MeV)

+ shorter-range parts

tidal effects leads to 3-body forces in earth-sun-moon system

Why are there three-nucleon (3N) forces?

Nucleons are finite-mass composite particles,

can be excited to resonances

dominant contribution from !(1232 MeV)

+ shorter-range parts

tidal effects leads to 3-body forces in earth-sun-moon system

example: tidal effects when using moon, 
earth, and sun as effective d.o.f.

Why are there three-nucleon (3N) forces?

Nucleons are finite-mass composite particles,

can be excited to resonances

dominant contribution from !(1232 MeV)

+ shorter-range parts

tidal effects leads to 3-body forces in earth-sun-moon system

nuclear forces: excitation to Δ
(also u&d-quarks, but I=J=3/2)

mp= 938 MeV
mn= 940 MeV
mΔ=1232 MeV 

N N N

Δ

π

π
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benchmark for EFTs: halo nuclei

9

extreme n/p ratios large radii

but Rmatter  ≠   Rcharge

nucleons in classically 
forbidden region 

tiny separation energies

Halo n/p
 6He 2
 8He 3
11Li 2.66
14Be 2.5
22C 2.66
12C 1

loosely bound
⇒ large scattering length

⇒ link to Effimov physics

11Li

6He
Li

He

I. Tanihata et al., PLB 202, 592 (1988)
A. Ozawa et al., NPA 691, 599 (2001)

8He

0 1 2 3 40
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charge radius
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Techniques:

•(anti)collinear LS

•two photon resonant LS

•LS of individual atoms in MOT

•LS of trapped ions

rc �= rm

λ =
µ

M
=

me

me +M
}

δνA,A� = δMSA,A� +KFSδ < r2c >A,A�

relative measurement

⇒need reference:

electron scattering
(only possible with stables)

Isotope Shift

Mass shift Field Shift / Finite Size Shift

Z.-C. Yan et al., PRL 100, 243002 (2008)

atomic laser spectroscopy high precision atomic physics calculation

High Precision Atomic Theory for Li and Be!: QED Shifts and Isotope Shifts

Z.-C. Yan,1,*,† W. Nörtershäuser,2,‡ and G. W. F. Drake3,x

1Department of Physics, University of New Brunswick, Fredericton, New Brunswick, Canada E3B 5A3
2Gesellschaft für Schwerionenforschung mbH, D-64291 Darmstadt, Germany

3Physics Department, University of Windsor, Windsor, Ontario, Canada N9B 3P4
(Received 27 March 2008; published 18 June 2008)

High-precision results are presented for calculations of the nonrelativistic energies, relativistic
corrections, and quantum electrodynamic corrections for the 2 2S, 2 2P, and 3 2S states of Li and Be!,
using nonrelativistic wave functions expressed in Hylleraas coordinates. Bethe logarithms are obtained for
the states of Be!. Finite mass corrections are calculated with sufficient accuracy to extract the nuclear
charge radius from measurements of the isotope shift for the 2 2S" 2 2P and 2 2S" 3 2S transitions. The
calculated ionization potential for Be! is 146 882:923# 0:005 cm"1.

DOI: 10.1103/PhysRevLett.100.243002 PACS numbers: 31.15.A", 32.10.Fn

The past few years have seen remarkable advances in
our ability to achieve spectroscopic accuracy for the en-
ergies and transition frequencies of lithium and the lith-
iumlike ions (or more generally four-body systems). The
dominant sources of uncertainty are the higher-order quan-
tum electrodynamic (QED) corrections, rather than the
accuracy of calculations for the basic nonrelativistic en-
ergy and leading relativistic corrections. This work builds
on the much longer history of high-precision calculations
for helium and other three-body systems [1–3]. Here we
present results suitable for the interpretation of QED shifts
and isotope shifts in Li and Be!

The key to obtaining high-precision results that are
essentially exact for all practical purposes (in the sense
that hydrogenic wave functions and energies are ‘‘exact’’)
is the use of explicitly correlated variational wave func-
tions in Hylleraas coordinates. This is a specialized method
that has been fully implemented only for the two- and
three-electron cases [4–6]. The results are more accurate
by many orders of magnitude than the well-known and
generally applicable methods of atomic physics, such as
configuration interaction. The high accuracy opens the
possibility of using the results in combination with high-
precision experiments to create unique measurement tools.
A prime example is the use of the calculated isotope shift in
combination with isotope shift measurements to determine
the nuclear charge radius of short-lived halo nuclei such as
6He, 8He, and 11Li [7,8]. New experiments are in progress
at GSI [9] and at RIKEN [10] for 11Be!, where the isotope
shift in the 2 2S1=2 " 2 2PJ transitions will be used.
Another example is the testing of the higher-order relativ-
istic and QED corrections to the transition frequencies in
atomic systems more complicated than hydrogen. The
theory of these effects is still under active development
[11–13]. The Bethe logarithm that appears in the lowest-
order electron self-energy [14,15] remains one of the most
difficult parts of the calculation.

In a previous sequence of papers [1,16–19], we have
obtained high-precision results for transitions among the

2 2S1=2, 2
2PJ, and 3 2S1=2 states of lithium. More recently,

Puchalski et al. [20] have confirmed these results and
improved the accuracy of the relativistic recoil corrections.
They have also obtained a significant correction to the
isotope shift in the case of 11Li due to nuclear polarization.
In the present work, we present high-precision results for
the low-lying states of Be!. The results will form the
theoretical basis for the interpretation of the planned iso-
tope shift measurements [9,10] in terms of the nuclear
charge radius for the radioactive isotopes 7Be, 10Be, and
11Be relative to stable 9Be. The 11Be case is especially
important and interesting because it is the simplest ex-
ample of a halo nucleus containing just a single halo
neutron. We also improve our previous results for Li by
using much larger basis sets containing up to 9577 terms,
and by implementing an absolutely convergent method
[21] to eliminate numerical instabilities in the calculation
of slowly convergent integrals required for the hp4i term in
the Breit interaction. This brings our results into agreement
with those of Pachucki et al. [20] for Li.

For our purposes, the three key parameters controlling
the energy levels are !, ", and !rc, where ! is the fine
structure constant, " $ #=M % m=&m!M' is the ratio of
the reduced electron mass to the nuclear mass, and !rc is the
rms nuclear charge radius for a particular isotope. In terms
of these parameters, the theoretical contributions to the
energy levels of an atom or ion such as Be! can be
expanded in the form

 

E $ E&0'
NR ! "E&1'

NR ! "2E&2'
NR ! !2&E&0'

rel ! "E&1'
rel '

! !3&E&0'
QED ! "E&1'

QED' ! !4&E&0'
ho ! "E&1'

ho '
! !r2c&E&0'

nuc ! "E&1'
nuc' ! ( ( ( (1)

in units of !2#c2 $ !2&1" "'mc2, where the subscripts
denote the nonrelativistic energy (NR), relativistic correc-
tions (rel), quantum electrodynamic corrections (QED),
higher-order QED corrections (ho), and finite nuclear

PRL 100, 243002 (2008) P H Y S I C A L R E V I E W L E T T E R S week ending
20 JUNE 2008

0031-9007=08=100(24)=243002(4) 243002-1  2008 The American Physical Society

with 

for He, Li, Be: MS ∼10 GHz ⇔  FS  ∼1 MHz

in-beam
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nuclear mass:

• need δδm < 1keV

• short lived (<10 ms)

⇒ Penning Traps

for He, Li, Be: MS ∼10 GHz ⇔  FS  ∼1 MHz

in-beam
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ISAC@ TRIUMF

11

TITAN
(mass)

collinear LS:
for 11Li:              
W. Nörtershäuser et al.(GSI)

500 MeV protons

target &
ion source

high resolution mass 
separator magnet

pre-separator
magnet

to experiments

<60 keV

5

nuclide  yield [1/s] T1/2

6He 2.00E+07 807 ms
8He 49000 119 ms
11Li 15000 8.8 ms
11Be 1.90E+06 13.8 s

ISOL-facility
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11Li: charge radius

12

M. Puchalski et al., PRL 97,133001 (2006)

R. Sanchez et al., PRL 96, 033002 (2006)

with excitation taking place at the center of a doubly-
resonant optical enhancement cavity (!100" ) built
around the QMS source region. The Ti:sapphire laser that
excites the 2s ! 3s two-photon transition is beat-
frequency servo locked to an I2 hyperfine line stabilized
diode laser. As previously described [8], measurements on
11Li (and the other isotopes) were interspersed with mea-
surements on 6Li, which served as the experimental refer-
ence, and measured optical powers were used to correct for
calibrated ac-Stark shifts.

Figure 1 shows a typical 11Li spectrum. Twenty-four
such spectra were obtained over six days of beam time.
With nuclear spin I # 3=2, the 2S1=2 states have F # 1; 2
hyperfine components, which obey the two-photon selec-
tion rule !F # 0 for an s ! s transition. All Li isotopes
have nuclear spin and exhibit similar doublets: Isotope
shifts are taken with respect to the center of gravities of
the two hyperfine lines for each isotope. Results for all
isotopes, relative to 7Li, are given in Table I. Values for
6;8;9Li are in good agreement with our previous measure-
ments [8], but with improved precision. The 6Li isotope
shift was also determined earlier with a different technique
as $11 453 734%30& kHz [10]; this is significantly different
from our current measurements (!5 times the combined
uncertainties), and is attributed to unaccounted systematic
errors in the prior interferometric measurements [10], as
compared to the current frequency-based determinations.
The isotope shift for the halo nucleus 11Li is a first-time
measurement.

Successful determination of changes in rc from the
isotope shift measurements depends critically on the com-
bined accuracy of theory and experiment.

On the theoretical side, the quantum mechanical many-
body problem must be solved to high accuracy in the
nonrelativistic limit, and then the effects of relativity and
quantum electrodynamics are included with perturba-

tion theory. In the past, theoretical results with laser-
spectroscopic accuracy were not available for atoms
more complicated than helium, even in the nonrelativistic
limit. This problem is now solved by variational methods
involving correlated basis sets with multiple distance
scales [6]. The resulting electron wave functions are used
to calculate the various contributions to the mass shift,
listed for 7;11Li in Table II. A recent first calculation [7]
of the mass polarization correction to the Bethe logarithm
part of the electron self-energy has significantly reduced
uncertainty in the QED contribution; overall calculation
uncertainty is now limited by the relativistic recoil term of
order !2%"=M&.

The total in Table II is the calculated mass-based com-
ponent of the isotope shift; corresponding shifts for all
isotopes are obtained directly from coefficients given in
Table III of Ref. [7] and are listed in Table I. Differences
from measured isotope shifts are then attributed to the
nuclear volume effect and are related to rc of the two
isotopes by

#$A;7
IS;exp $ #$A;7

IS;MS #
Ze2

3@ 'r2c%ALi& $ r2c%7Li&(%h#%ri&i3s

$ h#%ri&i2s&

# $1:5661
MHz

fm2 'r2c%ALi& $ r2c%7Li&(;
(2)

where Ze is the nuclear charge and h#%ri&i are expectation
values for electron density at the nucleus in the respective
states [6].

Optical isotope shift measurements provide only the
change in the rms nuclear charge radius between two
isotopes. Absolute charge radii rc must be referenced to
at least one isotope that is determined with a different
technique. For the stable 6;7Li isotopes, rc have been

FIG. 1. Resonances in the 2s ! 3s transition of 11Li as a
function of the beat frequency between the Ti:sapphire laser
and the reference diode laser. Error bars are simple counting
statistics on the number of observed ion counts.

TABLE I. Isotope shifts measured at TRIUMF (this work) and
GSI [8] [avg # weighted mean] compared with theoretical mass
shifts for 7Li-ALi in the 2s 2S1=2 ! 3s 2S1=2 transition.
Uncertainties for rc are dominated by uncertainty in the refer-
ence radius rc%7Li& # 2:39%3& fm [9].

Isotope Isotope Shift,
kHz

Mass Shift,
kHz

rc, fm

6Li TRIUMF $11 453 984%20&
GSI $11 453 950%130&
avg $11 453 983%20& $11 453 010%56& 2.517(30)

8Li TRIUMF 8 635 781(46)
GSI 8 635 790(150)
avg 8 635 782(44) 8 635 113(42) 2.299(32)

9Li TRIUMF 15 333 279(40)
GSI 15 333 140(180)
avg 15 333 272(39) 15 332 025(75) 2.217(35)

11Li TRIUMF 25 101 226(125)a 25 101 812(123) 2.467(37)

a68 kHz statistical )57 kHz systematic from ac-Stark shift
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transitions in Be! are C"2 2P# 2 2S$ % 16:912 MHz=fm2

and C"3 2S# 2 2S$ % 10:376 MHz=fm2.
Turning now to the fine structure splittings, the splitting

isotope shift (SIS) provides an important consistency check
on the experimental data because the theoretical value is
nearly independent of both QED and nuclear volume ef-
fects, but there remain serious disagreements between
theory and experiment. The best studied example is the
isotope shift in the 2 2P3=2 # 2 2P1=2 splitting, where the
predicted value is larger in 7Li than in 6Li by 0.396 MHz
(from Table IV), but there is a large amount of scatter in the
experimental values. The two most recent measurements
yield #0:863"79$ MHz [30] and !0:155"77$ MHz [31], in
clear disagreement with each other, and with theory. The
predicted SIS for 11Be! relative to 9Be! is 3.878 MHz. The
planned isotope shift measurements for Be! at ISOLDE
will provide an important new opportunity to measure the
SIS and compare with theory.

In summary, this Letter sets a new standard of accuracy
for the comparison between theory and experiment for
transition frequencies of Be!, and it establishes the theo-
retical framework needed to interpret isotope shifts in
terms of the nuclear charge radius of the single-neutron
halo isotope Be!. It seems likely that the calculated ion-
ization energy of 9Be! is more accurate than the experi-
mental value by an order of magnitude. However, there
remains a significant problem in case of the SIS for lithium,
where the experimental values do not agree with each other
or with theory. Further measurements in Be! may help to
resolve the discrepancy.
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TABLE IV. Calculated isotope shift parameter !!"0$
B#A for

various transitions in Li and Be!. Units are MHz.

Isotopes 2 2P1=2 # 2 2S 2 2P3=2 # 2 2S 3 2S# 2 2S

7Li# 6Li #10 532:111"6$ #10 532:506"6$ #11 452:821"2$
7Li# 8Li 7940.627(5) 7940.925(5) 8634.989(2)
7Li# 9Li 14 098.840(14) 14 099.369(14) 15 331.799(13)
7Li# 11Lia 23 082.642(24) 23 083.493(24) 25 101.470(22)
9Be# 7Be #49 225:765"19$ #49 231:814"19$ #48 514:03"2$
9Be# 10Be 17 310.44(6) 17 312.57(6) 17 060.56(6)
9Be# 11Be 31 560.01(6) 31 563.89(6) 31 104.60(6)

aIncludes nuclear polarization corrections [20] of 62 kHz for the
2 2PJ # 2 2S transitions, and 39 kHz for the 3 2S# 2 2S
transition.
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with excitation taking place at the center of a doubly-
resonant optical enhancement cavity (!100" ) built
around the QMS source region. The Ti:sapphire laser that
excites the 2s ! 3s two-photon transition is beat-
frequency servo locked to an I2 hyperfine line stabilized
diode laser. As previously described [8], measurements on
11Li (and the other isotopes) were interspersed with mea-
surements on 6Li, which served as the experimental refer-
ence, and measured optical powers were used to correct for
calibrated ac-Stark shifts.

Figure 1 shows a typical 11Li spectrum. Twenty-four
such spectra were obtained over six days of beam time.
With nuclear spin I # 3=2, the 2S1=2 states have F # 1; 2
hyperfine components, which obey the two-photon selec-
tion rule !F # 0 for an s ! s transition. All Li isotopes
have nuclear spin and exhibit similar doublets: Isotope
shifts are taken with respect to the center of gravities of
the two hyperfine lines for each isotope. Results for all
isotopes, relative to 7Li, are given in Table I. Values for
6;8;9Li are in good agreement with our previous measure-
ments [8], but with improved precision. The 6Li isotope
shift was also determined earlier with a different technique
as $11 453 734%30& kHz [10]; this is significantly different
from our current measurements (!5 times the combined
uncertainties), and is attributed to unaccounted systematic
errors in the prior interferometric measurements [10], as
compared to the current frequency-based determinations.
The isotope shift for the halo nucleus 11Li is a first-time
measurement.

Successful determination of changes in rc from the
isotope shift measurements depends critically on the com-
bined accuracy of theory and experiment.

On the theoretical side, the quantum mechanical many-
body problem must be solved to high accuracy in the
nonrelativistic limit, and then the effects of relativity and
quantum electrodynamics are included with perturba-

tion theory. In the past, theoretical results with laser-
spectroscopic accuracy were not available for atoms
more complicated than helium, even in the nonrelativistic
limit. This problem is now solved by variational methods
involving correlated basis sets with multiple distance
scales [6]. The resulting electron wave functions are used
to calculate the various contributions to the mass shift,
listed for 7;11Li in Table II. A recent first calculation [7]
of the mass polarization correction to the Bethe logarithm
part of the electron self-energy has significantly reduced
uncertainty in the QED contribution; overall calculation
uncertainty is now limited by the relativistic recoil term of
order !2%"=M&.

The total in Table II is the calculated mass-based com-
ponent of the isotope shift; corresponding shifts for all
isotopes are obtained directly from coefficients given in
Table III of Ref. [7] and are listed in Table I. Differences
from measured isotope shifts are then attributed to the
nuclear volume effect and are related to rc of the two
isotopes by

#$A;7
IS;exp $ #$A;7

IS;MS #
Ze2

3@ 'r2c%ALi& $ r2c%7Li&(%h#%ri&i3s

$ h#%ri&i2s&

# $1:5661
MHz

fm2 'r2c%ALi& $ r2c%7Li&(;
(2)

where Ze is the nuclear charge and h#%ri&i are expectation
values for electron density at the nucleus in the respective
states [6].

Optical isotope shift measurements provide only the
change in the rms nuclear charge radius between two
isotopes. Absolute charge radii rc must be referenced to
at least one isotope that is determined with a different
technique. For the stable 6;7Li isotopes, rc have been

FIG. 1. Resonances in the 2s ! 3s transition of 11Li as a
function of the beat frequency between the Ti:sapphire laser
and the reference diode laser. Error bars are simple counting
statistics on the number of observed ion counts.

TABLE I. Isotope shifts measured at TRIUMF (this work) and
GSI [8] [avg # weighted mean] compared with theoretical mass
shifts for 7Li-ALi in the 2s 2S1=2 ! 3s 2S1=2 transition.
Uncertainties for rc are dominated by uncertainty in the refer-
ence radius rc%7Li& # 2:39%3& fm [9].

Isotope Isotope Shift,
kHz

Mass Shift,
kHz

rc, fm

6Li TRIUMF $11 453 984%20&
GSI $11 453 950%130&
avg $11 453 983%20& $11 453 010%56& 2.517(30)

8Li TRIUMF 8 635 781(46)
GSI 8 635 790(150)
avg 8 635 782(44) 8 635 113(42) 2.299(32)

9Li TRIUMF 15 333 279(40)
GSI 15 333 140(180)
avg 15 333 272(39) 15 332 025(75) 2.217(35)

11Li TRIUMF 25 101 226(125)a 25 101 812(123) 2.467(37)

a68 kHz statistical )57 kHz systematic from ac-Stark shift
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transitions in Be! are C"2 2P# 2 2S$ % 16:912 MHz=fm2

and C"3 2S# 2 2S$ % 10:376 MHz=fm2.
Turning now to the fine structure splittings, the splitting

isotope shift (SIS) provides an important consistency check
on the experimental data because the theoretical value is
nearly independent of both QED and nuclear volume ef-
fects, but there remain serious disagreements between
theory and experiment. The best studied example is the
isotope shift in the 2 2P3=2 # 2 2P1=2 splitting, where the
predicted value is larger in 7Li than in 6Li by 0.396 MHz
(from Table IV), but there is a large amount of scatter in the
experimental values. The two most recent measurements
yield #0:863"79$ MHz [30] and !0:155"77$ MHz [31], in
clear disagreement with each other, and with theory. The
predicted SIS for 11Be! relative to 9Be! is 3.878 MHz. The
planned isotope shift measurements for Be! at ISOLDE
will provide an important new opportunity to measure the
SIS and compare with theory.

In summary, this Letter sets a new standard of accuracy
for the comparison between theory and experiment for
transition frequencies of Be!, and it establishes the theo-
retical framework needed to interpret isotope shifts in
terms of the nuclear charge radius of the single-neutron
halo isotope Be!. It seems likely that the calculated ion-
ization energy of 9Be! is more accurate than the experi-
mental value by an order of magnitude. However, there
remains a significant problem in case of the SIS for lithium,
where the experimental values do not agree with each other
or with theory. Further measurements in Be! may help to
resolve the discrepancy.
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TABLE IV. Calculated isotope shift parameter !!"0$
B#A for

various transitions in Li and Be!. Units are MHz.

Isotopes 2 2P1=2 # 2 2S 2 2P3=2 # 2 2S 3 2S# 2 2S

7Li# 6Li #10 532:111"6$ #10 532:506"6$ #11 452:821"2$
7Li# 8Li 7940.627(5) 7940.925(5) 8634.989(2)
7Li# 9Li 14 098.840(14) 14 099.369(14) 15 331.799(13)
7Li# 11Lia 23 082.642(24) 23 083.493(24) 25 101.470(22)
9Be# 7Be #49 225:765"19$ #49 231:814"19$ #48 514:03"2$
9Be# 10Be 17 310.44(6) 17 312.57(6) 17 060.56(6)
9Be# 11Be 31 560.01(6) 31 563.89(6) 31 104.60(6)

aIncludes nuclear polarization corrections [20] of 62 kHz for the
2 2PJ # 2 2S transitions, and 39 kHz for the 3 2S# 2 2S
transition.
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off-line ion source

SCI

SCI

a) SCI

SCI

b) HCI

Time-of-flight gate

SCI SCI

Figure 1: (colour on-line) The TITAN experimental setup which includes a RFQ, a high-
precision Penning trap, an EBIT, a time-of-flight gate and an off-line ion source. a) Shown
in red is the path of the beam when mass measurement on singly charged ions (SCI) is
performed. b) In blue is the path for highly charged ions (HCI) mass measurement.

cause the precision of mass measurements performed using Penning traps
linearly increases with the charge state.

The high-precision mass measurements carried out at TITAN (shown in
figure 1) are achieved through a series of steps. First, the continuous ion
beam from ISAC (Isotope Separator and ACcelerator) is delivered to TI-
TAN where it is cooled and bunched using a gas-filled linear radio-frequency
quadrupolar (RFQ) trap [26]. The subsequent step depends on whether a
mass measurement is performed using singly charged ions (SCI), or highly
charged ions. The ions can either be transferred to an electron-beam ion trap
(EBIT) [27, 28], where charge breeding takes place (blue path in figure 1),
or sent directly to the Penning trap (MPET) where the mass of the ion of
interest is determined (red path in figure 1).

Precision and accuracy are critical for high impact mass measurement in
particular for experiments where relative uncertainty on the level of δm/m ≤
5×10−9. Therefore, it is critical to ensure that the TITAN Penning trap
can accurately perform mass measurement at this level of precision. This
paper gives a detailed description of the TITAN Penning trap and documents
the various systematic studies performed in order to ensure reliable mass

3

Simulation and Testing of a Bradbury-Nielsen Gate TRIUMF 2010

d (µm) Transmission (%) Slope %
V

20 90.9± 0.3 −0.0006± 0.0004
42 95.4± 0.3 −0.0005± 0.0003
58 96.7± 0.3 −0.0004± 0.0003

71.5 97.1± 0.3 −0.0003± 0.0003

3 Mechanical Parts

3.1 Pictures

Figure 13 and Figure 14 are pictures of the assembled Bradbury-Nielsen gate
before it was mounted on a flange and installed in the beam line.

Figure 13: Frame with a 42 mil wire spacing.

11

Bradbury-Nielsen

Penning traps: 

•highest precision

•previously shortest 74Rb
with T1/2=65 ms  
ISOLTRAP @ CERN

•but 11Li T1/2 = 8.8 ms

A. Kellerbauer et al., PRL 93, 072502 (2004)

masses of halos:

•reflect binding energy

•separation energy: Sn, Sp

•input to extract physical 

   quantities from exp. (e.g. rc )
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2.5. The mass measurement Penning trap

Out to MCP

Corr. tube el.

End cap el.

Ring el.

Corr. guard el.

V

Ions in from 
RFQ or EBIT

q q

q q

q q q

Corr. guard electrode top view

q

a) b)

B

V0 RF

1

2

3

4

Figure 2.10: a) Illustration of the TITAN Penning trap electrode configura-

tion formed by the hyperbolic ring (1), end cap electrodes (2), tube (3) and

guard (4) correction electrodes. The RF is applied on (4). b) Application

of a quadrupolar excitation on the correction guard electrode ((4) in a).

the ions will experience an average central force. This method is employed

in the so-called Paul trap. Please refer to [Gos95] for a detailed discussion

about Paul traps. The second method uses a magnetic field along the axial

direction to radially trap the ions. This method is used in a Penning trap.

2.5.2 The TITAN Penning trap electrode structure

This section shortly introduces the various electrodes forming the TITAN

Penning trap. Figure 2.10 (a) is a schematic of the TITAN Penning trap

electrode structure. The trap is composed of two hyperboloids of revolution

forming one ring (label (1) in figure 2.10) and two end cap electrodes (2).

The ions are axially trapped by a harmonic quadrupole electrostatic poten-

tial produced by a potential difference, V0, between the ring and the end cap

electrodes, as shown in figure 2.10. Some anharmonicities in the trapping

potential are introduced by the holes in the end-cap electrodes and by the

finite size of the hyperbolic electrodes. Two sets of correction electrodes

(labeled (3) and (4) in figure 2.10), are used to compensate for higher-order

electric field components (for more detail see section 3.3). The radial con-

finement is provided by a magnetic field B. Figure 2.10 (b) shows how the

quadrupolar excitation necessary for the mass measurement by TOF-ICR

technique is applied on the segmented correction guard electrode (see section

2.4.4 for more details).
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Modifications from ideal trap:
Hole in end caps (ion insertions)

Correction of non-harm. imperfections
Tube electrode before end caps

Truncation of hyperbola Guard electrode between end cap and ring

The Time-Of-Flight Ion Cyclotron Resonance (TOF-ICR) technique: 

Cyclotron frequency determined by finding  
for which full magnetron to reduced cyclotron conversion is achieved

Quadrupole excitation at          using guard el.
Effect on ion motion:

couples the 2 radial motions

when
full conversion

TITAN Penning trap tested to be accurate to 4x10-9 using stable species.
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Er ∝ ν2+ρ
2
+ + ν2−ρ

2
−

≈ ν2+ρ
2
+

−V cos (ωrf t)

νrf = νc

L.S. Brown and G. Gabrielse, Rev. Mod. Phys. 58, 233 (1986)
G. Bollen et al., J. Appl. Phys. 88, 4355 (1990)

3 Eigen motions relevant frequencies

radial energy:

quad. azimuthal
RF couples
radial motions

Lorentz-steerer
=> pure magnetron motion 

full conversion for 

=> max. energy gain
2.5. The mass measurement Penning trap

Figure 2.14: Axial Bz magnetic field strength and kinetic energy related

to the radial motion Er as a function of the distance from the trap centre.

Shown on top is a schematic of the ion optics between the trap and MCP

detector.

In a typical cyclotron frequency measurement, the ions are excited at a

fixed frequency νRF for a given time and then released from the trap. The

time-of-flight of the ions from the trap to the MCP detector is recorded.

This procedure is repeated while varying νRF within the vicinity of the

expected νc and the TOF spectrum is obtained (figure 2.15). The cyclotron

frequency is determined by fitting the expected line shape to the spectrum.

The following analytical expression for the TOF [Kon95]:

T (νRF ) =

� z1

z0

�
M

2 · [E0 − q · V (z)− µ(νRF ) · B(z)]

�1/2

dz (2.45)

is used to describe the line shape.

2.5.5 The mass determination

The mass m of the trapped ion is determined from the measurement of its

cyclotron frequency νc:

M =
1

2π

qB

νc
. (2.46)
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scan νrf

one νrf per ion shot 

measurement principle
V cos (ωrf t)

R. Ringle et al., IJMS 263, 38 (2007)
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Precise & Accurate
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∆ν ≈ 1/Trf

R =
m

∆m
=

νc
∆νc

≈ νcTrf

≈ qBTrf

2πm

(δm/m)stat < 10−7

accurate, 
but not precise

precise, 
but not accurate

line width (FWHM):

⇒ resolution:

⇒ even for Trf ∼ 10ms

•exact theoretical description

•even for non-ideal traps

ÂprotectedÊ by invariance theorem

•off-line tests with stables

  ⇒ control over systematics

  for TITAN: < 5 ppb possible

L.S. Brown and G. Gabrielse, Rev. Mod. Phys. 58, 233 (1986)
G. Bollen et al., J. Appl. Phys. 88, 4355 (1990)
M. König et al., Int. J. Mass Spect. 142, 95 (1995)
M. Kretzschmarr, Int. J. Mass Spect. 246, 122 (2007)

G. Bollen et al., J. Appl. Phys. 88, 4355 (1990)

M. Brodeur et al, PRC 80, 044318 (2009)

6Li

G. Gabrielse, PRL 102, 172501 (2009) 

ω2
c = ω2

+ + ω2
− + ω2

z

http://www.sciencedirect.com/science/journal/01681176
http://www.sciencedirect.com/science/journal/01681176


May 13, 2011 Rare Isotopes at TITAN for  Nuclear  Structure

mass of 11Li
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A typical 11Li resonance is shown in Fig. 2. The data
were analyzed following as closely as possible the well
established procedure of the ISOLTRAP experiment [16]
and the central frequency was found from a fit of the
theoretical line shape (as illustrated) [18]. To obtain this
resonance an excitation time of two half-lifes (18 ms) was
used. The theoretical line width of the 11Li resonance is
given as ! ! 1=Trf ¼ 56 Hz. The resonance shown in
Fig. 2 has a line width of approximately 60 Hz which is
close to this theoretical limit. Measurements of the masses
of 8;9Li were also made, using a 48 ms excitation time. The
results for the frequency ratios for these lithium isotopes
are shown in Table I. From these ratios new values for the
mass excess of these isotopes were derived using the recent
SMILETRAP measurement of the mass excess of 6Li,
!ð6LiÞ ¼ 14 086:882ð37Þ keV [24]. The quoted values in-
clude a systematic error which takes into account both
linear (!m=m ¼ 2% 10&9) and nonlinear (!m=m ¼ 7%
10&9) drifts of the magnetic field which where added in
quadrature to the statistical uncertainty. The effects of
deviations from the ideal electric and magnetic fields
were also explicitly probed by measurement of a range of
nuclei (4<m< 39 u), with respect to 6Li, in all cases
agreement, within error bars, was obtained between the
TITAN measurements and the literature values [see
Fig. 1(b)]. An upper limit on these effects was then derived
from the uncertainty in the TITAN measurements as
!m=m ¼ 1:5% 10&9 per mass unit difference between

the measured and reference ions (i.e., 7:5% 10&9 for
11Li). This was added linearly into the final error budget.
Using these mass measurements the two-neutron sepa-

ration energy, S2n, of
11Li was calculated to be 369.15

(65) keV. Figure 3 shows this new value along with those
calculated from all previous mass measurements of 11Li.
The value from CERN-PS [25] was obtained using a
magnetic dipole mass spectrometer. The TOFI-LANL
[26] result is a time-of-flight measurement of a fragmented
beam using an isochronous mass spectrometer. The KEK
[27] result is a 11Bð"&;"þÞ11Li reaction Q value and the
MSU [28] result is derived from the Q value of the
14Cð11B; 11LiÞ14O reaction. The previous best result was
achieved at ISOLDE by the transmission spectrometer
MISTRAL [29]. The MAYA experiment (also carried out
at TRIUMF) used an active target to study the 11Liðp; tÞ9Li
reaction [30]. The new 9Li value can be seen to be ten
times more accurate than the literature value and both the
values for 8;9Li show good agreement with previous
measurements.
Although in good agreement with the TOFI-LANL and

KEK results the MISTRAL measurement shows over two
sigma deviation from the MSU result. Analysis of recent
measurements of both the soft-dipole excitation, via in-
variant mass spectrometry, and the charge radius, via iso-
tope shifts, of 11Li requires the mass. However, due to this
uncertainty in the mass the invariant mass spectrometry
data were analyzed using the AME03 value whereas the
isotope-shift measurements used the MISTRAL result. It
was reported in [8] that using the MISTRAL result for the
11Li mass would enhance the total E1 strength by 6%.
Using the AME mass value for 11Li (11:043 798ð21Þ u)
in the analysis of the isotope-shift measurement results in a
charge radius of 2.465(19)(30) fm, where the first uncer-
tainty comes from the isotope-shift measurement, and the
second from the 7Li reference radius of 2.39(3) fm [31].

TABLE I. Frequency ratios, r ¼ #ref=#c, for
8;9;11Li and the

derived mass excesses, !. Also shown are the AME03 values for
the mass excesses for comparison [23]. The 8Li literature value is
derived by adding the average Q value for the 7Liðn;$Þ8Li
reaction (as given in [23]) to the recent SMILETRAP measure-
ment of the mass of 7Li [24].

Isotope r !TITAN (keV) !Lit (keV)

8Li 1:333 749 862ð18Þ 20 945.80(11) 20 945.799(65)
9Li 1:500 728 256ð34Þ 24 954.91(20) 24 954.3(19)
11Li 1:836 069 26ð11Þ 40 728.28(64) 40 797(19)

FIG. 3 (color online). 11Li two-neutron separation energies
derived from previous mass measurements: CERN-PS [25];
TOFI-LANL [26]; KEK [27]; MSU [28]; MISTRAL-ISOLDE
[29]; MAYA [34] and TITAN [this work]. All shown with respect
to the 2003 atomic mass evaluation [23]. The second gray line
shows the weighted average of all the values (which is essentially
identical to the TITAN result). The three most recent results are
shown inset on an expanded scale for better comparison.

FIG. 2 (color online). A typical 11Li resonance collected over
30 min, containing approximately 1000 ions. Here #c ¼
5 147 555 Hz. The solid line is a fit of the theoretical curve
[18] to the data.

PRL 101, 202501 (2008) P HY S I CA L R EV I EW LE T T E R S
week ending

14 NOVEMBER 2008

202501-3

M. Smith et al., PRL 101, 202501 (2008)

A typical 11Li resonance is shown in Fig. 2. The data
were analyzed following as closely as possible the well
established procedure of the ISOLTRAP experiment [16]
and the central frequency was found from a fit of the
theoretical line shape (as illustrated) [18]. To obtain this
resonance an excitation time of two half-lifes (18 ms) was
used. The theoretical line width of the 11Li resonance is
given as ! ! 1=Trf ¼ 56 Hz. The resonance shown in
Fig. 2 has a line width of approximately 60 Hz which is
close to this theoretical limit. Measurements of the masses
of 8;9Li were also made, using a 48 ms excitation time. The
results for the frequency ratios for these lithium isotopes
are shown in Table I. From these ratios new values for the
mass excess of these isotopes were derived using the recent
SMILETRAP measurement of the mass excess of 6Li,
!ð6LiÞ ¼ 14 086:882ð37Þ keV [24]. The quoted values in-
clude a systematic error which takes into account both
linear (!m=m ¼ 2% 10&9) and nonlinear (!m=m ¼ 7%
10&9) drifts of the magnetic field which where added in
quadrature to the statistical uncertainty. The effects of
deviations from the ideal electric and magnetic fields
were also explicitly probed by measurement of a range of
nuclei (4<m< 39 u), with respect to 6Li, in all cases
agreement, within error bars, was obtained between the
TITAN measurements and the literature values [see
Fig. 1(b)]. An upper limit on these effects was then derived
from the uncertainty in the TITAN measurements as
!m=m ¼ 1:5% 10&9 per mass unit difference between

the measured and reference ions (i.e., 7:5% 10&9 for
11Li). This was added linearly into the final error budget.
Using these mass measurements the two-neutron sepa-

ration energy, S2n, of
11Li was calculated to be 369.15

(65) keV. Figure 3 shows this new value along with those
calculated from all previous mass measurements of 11Li.
The value from CERN-PS [25] was obtained using a
magnetic dipole mass spectrometer. The TOFI-LANL
[26] result is a time-of-flight measurement of a fragmented
beam using an isochronous mass spectrometer. The KEK
[27] result is a 11Bð"&;"þÞ11Li reaction Q value and the
MSU [28] result is derived from the Q value of the
14Cð11B; 11LiÞ14O reaction. The previous best result was
achieved at ISOLDE by the transmission spectrometer
MISTRAL [29]. The MAYA experiment (also carried out
at TRIUMF) used an active target to study the 11Liðp; tÞ9Li
reaction [30]. The new 9Li value can be seen to be ten
times more accurate than the literature value and both the
values for 8;9Li show good agreement with previous
measurements.
Although in good agreement with the TOFI-LANL and

KEK results the MISTRAL measurement shows over two
sigma deviation from the MSU result. Analysis of recent
measurements of both the soft-dipole excitation, via in-
variant mass spectrometry, and the charge radius, via iso-
tope shifts, of 11Li requires the mass. However, due to this
uncertainty in the mass the invariant mass spectrometry
data were analyzed using the AME03 value whereas the
isotope-shift measurements used the MISTRAL result. It
was reported in [8] that using the MISTRAL result for the
11Li mass would enhance the total E1 strength by 6%.
Using the AME mass value for 11Li (11:043 798ð21Þ u)
in the analysis of the isotope-shift measurement results in a
charge radius of 2.465(19)(30) fm, where the first uncer-
tainty comes from the isotope-shift measurement, and the
second from the 7Li reference radius of 2.39(3) fm [31].

TABLE I. Frequency ratios, r ¼ #ref=#c, for
8;9;11Li and the

derived mass excesses, !. Also shown are the AME03 values for
the mass excesses for comparison [23]. The 8Li literature value is
derived by adding the average Q value for the 7Liðn;$Þ8Li
reaction (as given in [23]) to the recent SMILETRAP measure-
ment of the mass of 7Li [24].

Isotope r !TITAN (keV) !Lit (keV)

8Li 1:333 749 862ð18Þ 20 945.80(11) 20 945.799(65)
9Li 1:500 728 256ð34Þ 24 954.91(20) 24 954.3(19)
11Li 1:836 069 26ð11Þ 40 728.28(64) 40 797(19)

FIG. 3 (color online). 11Li two-neutron separation energies
derived from previous mass measurements: CERN-PS [25];
TOFI-LANL [26]; KEK [27]; MSU [28]; MISTRAL-ISOLDE
[29]; MAYA [34] and TITAN [this work]. All shown with respect
to the 2003 atomic mass evaluation [23]. The second gray line
shows the weighted average of all the values (which is essentially
identical to the TITAN result). The three most recent results are
shown inset on an expanded scale for better comparison.

FIG. 2 (color online). A typical 11Li resonance collected over
30 min, containing approximately 1000 ions. Here #c ¼
5 147 555 Hz. The solid line is a fit of the theoretical curve
[18] to the data.
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11Li

Reference Mass [u]

AMEÊ03 11.043 798(21)

MISTRAL 2005 11.043 715 7(54)

TITAN 2007 11.043 723 61 (69)
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rately for the different fine structure levels 3PJ. The isotope
shift for the 2 3S1 ! 3 3P2 transition in 6He agrees with the
previously published value of 43 194.772(33) MHz [4]
within the quoted statistical uncertainties. The isotope shift
values for the different transitions in 6He show variations
by 250 kHz, as predicted by the atomic theory calculations.
The extracted field shifts for all three transitions agree well
within statistical uncertainties. This is a valuable consis-
tency test for atomic theory as well as a check for a class of
systematic errors in the experiment, since the strengths of
these three transitions vary by a factor of up to 5. Hence,
the field shifts over all three transitions in 6He were aver-
aged as independent measurements, and likewise for the
two transitions observed in 8He.

The final field shift results for both isotopes are listed in
Table II along with the contributions from statistical and
systematic uncertainties. Besides photon counting statis-
tics, there are two additional random effects: the frequency
drift of the reference laser and variations in the power-

dependent frequency shift due to small drifts in the probing
laser alignment. Both lead to significant scattering of the
results during the roughly 2 hour integration time needed
for each 8He measurement, but are insignificant in the case
of 6He. A significant systematic uncertainty is caused by
Zeeman shifts that might have varied among isotopes if the
atoms were not located exactly at the zero B-field position
of the MOT. Limits on this effect are set conservatively at
!30 kHz for the 6He-4He isotope shift, and !45 kHz for
8He-4He. Moreover, two corrections are applied to the
measured isotope shifts as listed in Table II: photon recoil
and nuclear polarization. The first was trivially and accu-
rately calculated. The latter depends on the nuclear polar-
izability, which was extracted from measurements of the
electric dipole strength [10,11]. The uncertainty in the
nuclear mass enters as an additional systematic effect via
the theoretical mass shift. This effect is the single biggest
contribution to the final uncertainty for 8He, but plays only
a minor role for 6He. Improved mass measurements for
both isotopes are in preparation, using Penning trap mass
spectrometry [12].

Table III lists the final results for the difference in the
mean-square charge radius of 6He and 8He relative to 4He,
which follow directly from the field shift using KFS "
1:008 fm2=MHz from atomic theory [5]. The absolute
charge radii for both isotopes are based on a value of
1.676(8) fm for the 4He charge radius [7]. For a compari-
son of our results on rms charge radii hr2i1=2ch to the rms
point-proton radii hr2i1=2pp , typically quoted by theoretical
papers, the relation hr2ipp " hr2ich # hR2

pi# 3
4M2

p
# N

Z hR2
ni

was used, which takes into account contributions from the
mean-square charge radii of the proton and neutron [with
hR2

pi " 0:769$12% fm2 and hR2
ni " #0:1161$22% fm2 [13] ]

and the Darwin-Foldy term 3
4M2

p
" 0:033 fm2 [14]. The

effects of nuclear spin-orbit interaction and meson ex-
change currents, expected to be on the order of or below
the experimental uncertainties, are not taken into account
and will require further theoretical investigation.

The experimental rms point-proton radii from this
work are plotted in Fig. 3 along with matter radii (i.e.,
point-nucleon radii) extracted from strong interaction
cross section measurements [3,15,16]. While the latter
are model dependent, different methods give consistent
matter radii. The matter radius for 4He should be the
same as the indicated point-proton radius. Also given in

TABLE II. Statistical and systematic uncertainties and correc-
tions on the combined results for the field shifts of 6He and 8He
relative to 4He. All values are in MHz.

6He 8He
Value Error Value Error

Statistical
Photon counting 0.008 0.032
Probing laser alignment 0.002 0.012
Reference laser drift 0.002 0.024

Systematic
Probing power shift 0.015
Zeeman shift 0.030 0.045
Nuclear mass 0.015 0.074

Corrections
Recoil effect 0.110 0.000 0.165 0.000
Nuclear polarization #0:014 0.003 #0:002 0.001

!"FS
A;4 combined #1:478 0.035 #0:918 0.097

TABLE III. Relative and absolute charge radii for all particle-
stable helium isotopes. The absolute 3He radius is calculated
with the relative value from Ref. [6] and the absolute 4He value
from Ref. [7]. Values for 6He and 8He are from this work.

3He 4He 6He 8He

!hr2iA;4, fm2 1.059(3) – 1.466(34) 0.911(95)

hr2i1=2ch , fm 1.967(7) 1.676(8) 2.068(11) 1.929(26)

TABLE I. Weighted averages of the experimental isotope
shifts !"A;4 (including recoil correction) for the different tran-
sitions in 6He and 8He. The field shift !"FS

A;4 " KFS!hr2iA;4 was
calculated for each transition using the listed theoretical mass
shift values !"MS

A;4 . All values are in MHz. The errors given in
parentheses for !"A;4 and !"FS

A;4 include only statistical uncer-
tainties.

Transition !"A;4 !"MS
A;4 !"FS

A;4

6He 2 3S1 ! 3 3P0 43 194.740(37) 43 196.204 #1:464$37%
2 3S1 ! 3 3P1 43 194.483(12) 43 195.943 #1:460$12%
2 3S1 ! 3 3P2 43 194.751(10) 43 196.217 #1:466$10%

8He 2 3S1 ! 3 3P1 64 701.129(73) 64 701.999 #0:870$73%
2 3S1 ! 3 3P2 64 701.466(52) 64 702.409 #0:943$52%

PRL 99, 252501 (2007) P H Y S I C A L R E V I E W L E T T E R S week ending
21 DECEMBER 2007

252501-3

P. Mueller et al., PRL 99, 252501 (2007)

Laser spectroscopy
•Argonne  Lab / GANIL

•LS in MOT
all in MHz

mass: dominating uncertainty

other halos: 6He and 8He

Mass measurement @ TITAN

M. Brodeur et al., PRL in prep.

2nd 8He mass meas. 6He mass meas.

 1.7σ  4.0σ

V. L. Ryjkov et al., PRL 101,  012501 (2008)
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6He and 8He: comparison to theory
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Charge radius Binding energy 2n separation energy

6He

6He

8He

6He

8He

8He

➡ GFMC: 3N -forces essential

➡ NCSM (CDB2k): 8He is unbound: lack of 3N ? Gaussian fall-off in wave-fn?

E. Caurier et al, PRC 73, 021302(R), (2006); P. Navrátil et al., J. Phys. G: Nucl. Part. Phys. 36, 083101 (2009)

S.C. Pieper, Nucl. Phys. A 751,516 (2005)
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11Be

19

R. Ringle et al.,  Phys. Lett. B 675, 170 (2009)

⇒confirms AME & improves precision

⇒uncertainty of mass negligible for rc

➡ NCSM: 11Be is unbound

➡ FMD: good agreement for both 

               phenomenological potential mimicking 3N forces B.R. Torabi, Ph.D. thesis, TU Darmstadt (2010) 

Forssén et al., PRC 79,021303(R) (2009) ; Quaglioni et al., PRL 101, 092501 (2008)

W. Nörtershäuseret al., PRL 102, 062503 (2009)Laser spectroscopy:

Mass:

Theory:
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12Be: from halos to shell quenching

20

N=8

Z=8
doubly magic
semi magic
excited state: intruder
H. Iwasaki et al., PRL 102, 202502 (2009)

ν(1s,0d)2  intruder 
dominance in ground state

A. Navin et al., PRL 85, 266 (2000)
S. D. Pain et al., PRL 96, 032502 (2006)

g.s.: strong ν(1s)2 admixture
H. Simon et al., PRL 83, 496 (1999)
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12Be: from halos to shell quenching

20

N=8

Z=8
doubly magic
semi magic
excited state: intruder
H. Iwasaki et al., PRL 102, 202502 (2009)

ν(1s,0d)2  intruder 
dominance in ground state

A. Navin et al., PRL 85, 266 (2000)
S. D. Pain et al., PRL 96, 032502 (2006)

g.s.: strong ν(1s)2 admixture
H. Simon et al., PRL 83, 496 (1999)

R. Kanungo et al., Phys. Lett. B682, 391 (2010)

Sneff = Sn - E*

g.s. mass
S. Shimoura et al., Phys. Lett. B654, 87 (2007)
known to 1 keV

⇒ neutron halo-like structure ?
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mass of 12Be
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S. ETTENAUER et al. PHYSICAL REVIEW C 81, 024314 (2010)

is floated to high voltage. The ions are confined in the radial
direction by an electric quadrupolar rf field and axially by a
potential minimum formed by a dc gradient. Through collision
with a He buffer gas, the ions are cooled before they are
extracted in bunches from the RFQ. A pulsed drift tube brings
the ions to ground potential with a kinetic energy of 2 keV.
The cooled and bunched ions are transferred directly from
the RFQ to the measurement Penning trap. A homogeneous,
axial 3.7 T magnetic field and a harmonic potential from a
hyperbolic electrode structure establish the confinement in
the Penning trap, resulting in three ion eigenmotions [25–27].
The magnetron and reduced cyclotron motions with respective
frequencies ν− and ν+ are in the radial direction and are
related to the cyclotron frequency νc = (1/2π )(q/m)B via
νc = ν+ + ν−. This equation only holds exactly for an ideal
trap. For a real Penning trap, frequency shifts are induced by
the misalignment of the magnetic field with the trap axis and
by harmonic distortions of the electric field [28,29]. These
frequency shifts have been studied for TITAN’s measurement
Penning trap [30] and are well below the precision of the
present measurement. Through the application of an electric
quadrupolar rf field at the frequency νrf the radial eigenmotions
can be coupled [27]. By applying νrf = νc at a constant product
of amplitude Arf and excitation time Trf of the rf, an initial
magnetron motion can be fully converted into a reduced
cyclotron motion and vice versa. According to ν+ " ν−, this
results in a significant change in an ion’s kinetic energy. In
the time-of-flight resonance detection technique [27,31], ions
initially on magnetron motion trajectories are excited by such
an rf field. Changes in the kinetic energy are observed by
a reduction of the time of flight (TOF) to a microchannel
plate (MCP) detector after the ions are ejected from the
trap. For each ion bunch, a fixed νrf is applied. By scanning
through νrf a resonance with a minimum in TOF at νrf = νc is
obtained. At TITAN the initial magnetron motion is induced
using a Lorentz-steerer [32], which allows fast and precise
ion preparation during the injection of the ion bunch into
the trap. Measurements were taken with excitation times of
Trf = 18 and 48 ms, corresponding to respective ion extraction
rates from the RFQ of 50 and 20 Hz. An example for
a resonance with Trf = 48 ms is shown in Fig. 1 and the
data are fit to the theoretical line shape [27]. To determine
the magnetic field in the trap, reference frequency scans were
performed with 12C before and after each 12Be measurement.
In all cases, the excitation time for 12C was identical to the
one for the interjacent 12Be measurement. The separation in
time between the 12C and 12Be measurements was kept below
one hour to minimize the effect of nonlinear changes in the
magnetic field between the two reference measurements. The
cyclotron frequency of 12C at the time of the 12Be measurement
was linearly interpolated from the preceding and following 12C
measurement. The frequency ratio R = νc(12Be+)/νc(12C+)
was calculated for each measurement set. A summary of these
can be found in Table I.

Various systematic effects at TITAN have recently been
studied with 6Li [30]. We are confident in extending the
corrections to the present mass range, especially since the
effects were shown to be almost two orders of magnitude below
the precision of this measurement. Particularly, because the
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FIG. 1. (Color online) 12Be+ resonance with excitation time of
Trf = 48 ms with a fit of the theoretical line shape (solid line).

reference ion and ion of interest share the same mass number,
effects of an improper electric field compensation, alignment
between magnetic and trap axes, or harmonic distortions of the
electrode structure effectively vanish. To minimize ion-ion or
ion-residual gas interactions, which could shift the observed
frequency, the number of ions in the trap at one time was kept
low: For 12C we detected on average less than 1.5 ions per ion
bunch and in the case of 12Be, the number of ions delivered
to TITAN was as low as 30–300 ions/s. The analysis was
performed once by taking all detected ions into account and a
second time by allowing events with only one registered ion per
bunch. A difference of 78 ppb in R between the two analysis
approaches was observed, corresponding to almost half of the
statistical uncertainty. This appears to be too large, given that
for 12Be the two data sets are highly correlated because of
the relatively rare scenario of detecting two ions during the
same ion bunch. To investigate a potential systematic effect,
we employed an ion-count-class analysis [33] of the reference
measurements as well as of an additional set of 10 12C
runs, which were taken half-way through the experiment.
The extracted shift is in comfortable agreement with zero,
but we cannot exclude a shift of the cyclotron frequency
of 19 ppb for 12C. For 12Be, the low number of counts
does not allow us to perform an ion-count-class analysis.
However, because of the laser ionization, we can safely assume

TABLE I. Mean cyclotron frequency ratio R between 12Be and
12C for Trf = 18 and 48 ms with statistical uncertainties. For the total
R the systematic uncertainties from potential shifts in νc(12C+) and
νc(12Be+) are also displayed.

Trf (ms) R = νc(12Be+)/νc(12C+) Number of Number
measurements of ions

18 0.997 761 43(27) 8 2580
48 0.997 761 37(23) 3 453

Total 0.997 761 39(17){2}{8} 3033

024314-2

PRECISION GROUND STATE MASS OF 12Be AND AN . . . PHYSICAL REVIEW C 81, 024314 (2010)

1 2 3 4 5 6
24.94

24.96

24.98

25.00

25.02

25.04

25.06

25.08

25.10

3 4 5 6

25.06

25.07

25.08

25.09

25.05

AME’03

1971 1974 1978 1994 2009 2009

TITANFortune

Alburger

Ball

MISTRAL

FIG. 2. (Color online) Previous results [34–38] for the mass
excess (ME) of 12Be displayed together with this work. Measurements
#1–4 are reaction based and #5 is a direct measurement by MISTRAL.
The four most recent results are shown in the inset.

that contaminations in the 12Be beam are unlikely. Hence,
the extracted shift from the ion-count-class analysis for 12C
should also be valid for 12Be as they have identical mass
numbers. To be conservative, we nevertheless add another
79 ppb systematic uncertainty to R to account for a potential
shift in νc(12Be), reflected in the upper limit of the statistical
spread of "νc = νc(all ions) − νc(one ion per bunch), which
was evaluated on a run-by-run basis.

After adding statistical and systematic errors in quadrature,
the atomic mass of 12Be is calculated according to

m(12Be) = 1

R
[m(12C) − me + BC] + me − BBe, (1)

where me is the electron mass and BC and BBe are the first
ionization energies of C and Be, respectively. Hence, our mass
value for 12Be is 12.026 922 3(23) u, which is equivalent to
a mass excess of 25 078.0(2.1) keV. Our result is shown in
Fig. 2 together with previous mass measurements [34–38]
and the Atomic Mass Evaluation of 2003 (AME03) [39],
which is essentially based on measurement #3 [36]. The
reaction measurement 10Be(t,p)12Be (measurement #4 [37])
was missed during the AME03 evaluation. Our measurement is
in agreement with all previous results but is seven times more
precise than the AME03 value and improves the precision
by a factor of 2 compared to the previously most precise
measurement #4 [37].

Using the new mass value for 12Be we reevaluate the IMME
in Table II for the lowest lying isospin T = 2 multiplet in
the A = 12 system. The errors on the IMME parameters
are dominated by the uncertainty on the excited 0+ state in
12B, and hence the improved mass of 12Be has a relatively
small effect on the IMME parameters themselves; at this
level, all evidence points to the validity of the IMME with
a cubic term d or quadratic term e that is consistent with zero
(see Table II [A], [B], and [C]). However, considering the
unambiguous spin identification and the position of the 2+

and the 0+
2 states known within 1 keV [7,8], 12Be provides

the most detailed information about T = 2 states in A = 12.
As shown in Table II there are also excited T = 2 states
known in 12B [40,41], 12C [40], and most recently in 12O
[19], which are considered to be isobaric analog states of
the respective levels in 12Be. Except for the 2+ case in
12B, the experimental spin assignments remain ambiguous
and leave options for 0+ and 2+. This ambiguity is also
reflected in the continuing theoretical debate [16–18]; whereas
the experimentally observed second T = 2 line in 12C is
considered to be 0+, most likely with contributions of 2+ in
Refs. [16,17], it is referred to as a pure 2+ state in Ref. [18].

The IMME parameters show general trends over mass
number and excitation energy [43]; in particular the linear
parameter in Tz, b, follows a linear function over A. We
have thus adopted an approach in which we assume IMME
parameters to be similar for different multiplets at the same
mass number: We use our mass value for 12Be combined with
excitation energies of the 2+ and the 0+

2 levels as solid anchor
points for extrapolations based on the IMME parameters of
the lowest 0+ multiplet,

ME(Tz) = ME(12Be) + b(Tz − 2) + c
(
T 2

z − 4
)
. (2)

Such extrapolations are pictured in Fig. 3, where, for the
calculation of the uncertainty bands, the correlations between
the IMME parameters b and c extracted form the lowest lying
multiplet were included. It is remarkable how well the 2+ level
in 12B and the state in 12C are reproduced by the extrapolation
from 2+ in 12Be. However, no conclusion can be drawn for the
case of the excited state in 12O. When extrapolating from 0+

2
in 12Be, the second T = 2 state in 12C is missed by more than
four standard deviations. This analysis would thus favor the
2+ assignment. To cover the experimental value for 12C in the
uncertainty band of the extrapolation from 0+

2 in 12Be requires
inflating the uncertainties of b and c, leading to inflated
σb ∼ 315 keV and σc ∼ 160 keV. (Note that for the inflation
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FIG. 3. (Color online) IMME extrapolation based on the IMME
parameters of the lowest lying T = 2 multiplet in A = 12 and the
known T = 2 excited states in 12Be.
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experimental challenges: 
•T1/2 = 24 ms ⇒ never measured in a Penning trap before

•yield: ~30-300 ions/s

TITAN: m.e.=25 078.0(2.1) keV  
➡ halo: confirms low Sneff ⇒possibility for halo-like structure

➡ shell quenching: due to near-degeneracy of ν(0p)2 - ν(1s,0d)2 conclusion from m(9-12Be) alone 
difficult
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The limit of neutron-rich nuclei, the neutron drip line, evolves regularly from light to medium-mass

nuclei except for a striking anomaly in the oxygen isotopes. This anomaly is not reproduced in shell-

model calculations derived from microscopic two-nucleon forces. Here, we present the first microscopic

explanation of the oxygen anomaly based on three-nucleon forces that have been established in few-body

systems. This leads to repulsive contributions to the interactions among excess neutrons that change the

location of the neutron drip line from 28O to the experimentally observed 24O. Since the mechanism is

robust and general, our findings impact the prediction of the most neutron-rich nuclei and the synthesis of

heavy elements in neutron-rich environments.

DOI: 10.1103/PhysRevLett.105.032501 PACS numbers: 21.10.!k, 21.30.!x, 21.60.Cs, 27.30.+t

One of the central challenges of nuclear physics is to
develop a unified description of all nuclei created in the
laboratory and the cosmos based on the underlying forces
between neutrons and protons (nucleons). This involves
understanding the sequences of isotopes in the nuclear
chart, Fig. 1, from the limits of proton-rich nuclei to the
neutron drip line. These limits have been established ex-
perimentally up to oxygen with proton number Z ¼ 8.
Mapping out the neutron drip line for larger Z [1] and
exploring unexpected structures in neutron-rich nuclei are
a current frontier in the physics of rare isotopes. The years
of discovery in Fig. 1 highlight the tremendous advances
made over the last decade.

Figure 1 shows that the neutron drip line evolves regu-
larly with increasing proton number, with an odd-even
bound-unbound pattern due to neutron halos and pairing
effects. The only known anomalous behavior is present in
the oxygen isotopes, where the drip line is strikingly close
to the stability line [2]. Already in the fluorine isotopes,
with one more proton, the drip line is back to the regular
trend [3]. In this Letter, we discuss this puzzle and show
that three-body forces are necessary to explain why 24O
[4,5] is the heaviest oxygen isotope.

Three-nucleon (3N) forces were introduced in the pio-
neering work of Fujita and Miyazawa (FM) [6] and arise
because nucleons are composite particles. The FM 3N
mechanism is due to one nucleon virtually exciting a
second nucleon to the !ð1232 MeVÞ resonance, which is
deexcited by scattering off a third nucleon, see Fig. 3(e).

Three-nucleon interactions arise naturally in chiral ef-
fective field theory (EFT) [7], which provides a systematic
basis for nuclear forces, where nucleons interact via pion
exchanges and shorter-range contact interactions. The re-
sulting nuclear forces are organized in a systematic expan-

sion from leading to successively higher orders, and
include the! excitation as the dominant part of the leading
3N forces [7]. The quantitative role of 3N interactions has
been highlighted in recent ab initio calculations of light
nuclei with A ¼ N þ Z & 12 [8,9].
We first discuss why the oxygen anomaly is not repro-

duced in shell-model calculations derived from micro-
scopic NN forces. This can be understood starting from
the stable 16O and adding neutrons into single-particle
orbitals (with standard quantum numbers nlj) above the
16O core. We will show that correlations do not change this
intuitive picture. Starting from 16O, neutrons first fill the
0d5=2 orbitals, with a closed subshell configuration at 22O
(N ¼ 14), then the 1s1=2 orbitals at 24O (N ¼ 16), and
finally the 0d3=2 orbitals at 28O (N ¼ 20). For simplicity,
we will drop the n label in the following.

FIG. 1 (color online). Stable and unstable nuclei with Z & 14
and neutron number N [35]. The oxygen anomaly in the location
of the neutron drip line is highlighted. Element names and years
of discovery of the most neutron-rich nuclei are given. The axis
numbers indicate the conventional magic numbers.
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expected to be
• doubly magic
• at drip line

28O: 

experiment:
• 24O has both features

• drip-line anomaly for O-isotopes
R. V. F. Janssens, Nature 459, 1069 (2009)

In Fig. 2, we show the single-particle energies (SPEs) of
the neutron d5=2, s1=2 and d3=2 orbitals at subshell closures
N ¼ 8, 14, 16, and 20. The evolution of the SPEs is due to
interactions as neutrons are added. For the SPEs based on
NN forces in Fig. 2(a), the d3=2 orbital decreases rapidly as
neutrons occupy the d5=2 orbital, and remains well bound
from N ¼ 14 on. This leads to bound oxygen isotopes out
to N ¼ 20 and puts the neutron drip line incorrectly at 28O.
This result appears to depend only weakly on the renor-
malization method or the NN interaction used. We dem-
onstrate this by showing SPEs calculated in the G matrix
formalism [10], which sums particle-particle ladders, and
based on low-momentum interactions Vlow k [11] obtained
from chiral NN interactions at next-to-next-to-next-to-
leading order (N3LO) [12] using the renormalization
group. Both calculations include core polarization effects
perturbatively [including diagram Fig. 3(d) with the !
replaced by a nucleon and all other second-order diagrams]
and start from empirical SPEs [13] in 17O. The empirical
SPEs contain effects from the core and its excitations,
including effects due to 3N forces.

We next show in Fig. 2(b) the SPEs obtained from the
phenomenological forces SDPF-M [13] and USD-B [14]
that have been fit to reproduce experimental binding en-

ergies and spectra. This shows a striking difference com-
pared to Fig. 2(a): As neutrons occupy the d5=2 orbital, with
N evolving from 8 to 14, the d3=2 orbital remains almost at
the same energy and is not well bound out to N ¼ 20. The
dominant differences between Figs. 2(a) and 2(b) can be
traced to the two-body monopole components, which de-
termine the average interaction between two orbitals. The
monopole components of a general two-body interaction V
are given by an angular average over all possible orienta-
tions of the two nucleons in orbitals lj and l0j0 [15],

Vmono
j;j0 ¼

X

m;m0
hjmj0m0jVjjmj0m0i=

X

m;m0
1; (1)

where the sum over magnetic quantum numbers m and m0

can be restricted by antisymmetry (see [16,17] for details).
The SPE of the orbital j is effectively shifted by Vmono

j;j0

multiplied by the occupation number of the orbital j0. This
leads to the change in the SPE and determines shell struc-
ture and the location of the drip line [16–19].
The comparison of Figs. 2(a) and 2(b) suggests that the

monopole interaction between the d3=2 and d5=2 orbitals
obtained from NN theories is too attractive, and that the
oxygen anomaly can be solved by additional repulsive
contributions to the two-neutron monopole components,
which approximately cancel the average NN attraction on
the d3=2 orbital. With extensive studies based on NN
forces, it is unlikely that such a distinct property would
have been missed, and it has been argued that 3N forces
may be important for the monopole components [20].
Next, we show that 3N forces among two valence neu-

trons and one nucleon in the 16O core give rise to repulsive
monopole interactions between the valence neutrons.
While the contributions of the FM 3N force to other
quantities can be different, the shell-model configurations
composed of valence neutrons probe the long-range parts
of 3N forces. The repulsive nature of this 3N mechanism
can be understood based on the Pauli exclusion principle.
Figure 3(a) depicts the leading contribution to NN forces
due to the excitation of a !, induced by the exchange of
pions with another nucleon. Because this is a second-order
perturbation, its contribution to the energy and to the two-
neutron monopole components has to be attractive. This is
part of the attractive d3=2 " d5=2 monopole component
obtained from NN forces.
In nuclei, the process of Fig. 3(a) leads to a change of the

SPE of the j, m orbital due to the excitation of a core
nucleon to a !, as illustrated in Fig. 3(b) where the initial
valence neutron is virtually excited to another j0,m0 orbital.
As discussed, this lowers the energy of the j, m orbital
and thus increases its binding. However, in nuclei this
process is forbidden by the Pauli exclusion principle, if
another neutron occupies the same orbital j0, m0, as shown
in Fig. 3(c). The corresponding contribution must then be
subtracted from the SPE change due to Fig. 3(b). This is
taken into account by the inclusion of the exchange dia-
gram, Fig. 3(d), where the neutrons in the intermediate
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FIG. 2 (color online). Single-particle energies of the neutron
d5=2, s1=2 and d3=2 orbitals measured from the energy of 16O as a
function of neutron number N. (a) SPEs calculated from a G
matrix and from low-momentum interactions Vlow k. (b) SPEs
obtained from the phenomenological forces SDPF-M [13] and
USD-B [14]. (c),(d) SPEs including contributions from 3N
forces due to ! excitations and chiral EFT 3N interactions at
N2LO [25]. The changes due to 3N forces based on ! excitations
are highlighted by the shaded areas.
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NN-forces only: 28O bound

28O

with 3N-forces: 

In Fig. 2, we show the single-particle energies (SPEs) of
the neutron d5=2, s1=2 and d3=2 orbitals at subshell closures
N ¼ 8, 14, 16, and 20. The evolution of the SPEs is due to
interactions as neutrons are added. For the SPEs based on
NN forces in Fig. 2(a), the d3=2 orbital decreases rapidly as
neutrons occupy the d5=2 orbital, and remains well bound
from N ¼ 14 on. This leads to bound oxygen isotopes out
to N ¼ 20 and puts the neutron drip line incorrectly at 28O.
This result appears to depend only weakly on the renor-
malization method or the NN interaction used. We dem-
onstrate this by showing SPEs calculated in the G matrix
formalism [10], which sums particle-particle ladders, and
based on low-momentum interactions Vlow k [11] obtained
from chiral NN interactions at next-to-next-to-next-to-
leading order (N3LO) [12] using the renormalization
group. Both calculations include core polarization effects
perturbatively [including diagram Fig. 3(d) with the !
replaced by a nucleon and all other second-order diagrams]
and start from empirical SPEs [13] in 17O. The empirical
SPEs contain effects from the core and its excitations,
including effects due to 3N forces.

We next show in Fig. 2(b) the SPEs obtained from the
phenomenological forces SDPF-M [13] and USD-B [14]
that have been fit to reproduce experimental binding en-

ergies and spectra. This shows a striking difference com-
pared to Fig. 2(a): As neutrons occupy the d5=2 orbital, with
N evolving from 8 to 14, the d3=2 orbital remains almost at
the same energy and is not well bound out to N ¼ 20. The
dominant differences between Figs. 2(a) and 2(b) can be
traced to the two-body monopole components, which de-
termine the average interaction between two orbitals. The
monopole components of a general two-body interaction V
are given by an angular average over all possible orienta-
tions of the two nucleons in orbitals lj and l0j0 [15],

Vmono
j;j0 ¼

X

m;m0
hjmj0m0jVjjmj0m0i=

X

m;m0
1; (1)

where the sum over magnetic quantum numbers m and m0

can be restricted by antisymmetry (see [16,17] for details).
The SPE of the orbital j is effectively shifted by Vmono

j;j0

multiplied by the occupation number of the orbital j0. This
leads to the change in the SPE and determines shell struc-
ture and the location of the drip line [16–19].
The comparison of Figs. 2(a) and 2(b) suggests that the

monopole interaction between the d3=2 and d5=2 orbitals
obtained from NN theories is too attractive, and that the
oxygen anomaly can be solved by additional repulsive
contributions to the two-neutron monopole components,
which approximately cancel the average NN attraction on
the d3=2 orbital. With extensive studies based on NN
forces, it is unlikely that such a distinct property would
have been missed, and it has been argued that 3N forces
may be important for the monopole components [20].
Next, we show that 3N forces among two valence neu-

trons and one nucleon in the 16O core give rise to repulsive
monopole interactions between the valence neutrons.
While the contributions of the FM 3N force to other
quantities can be different, the shell-model configurations
composed of valence neutrons probe the long-range parts
of 3N forces. The repulsive nature of this 3N mechanism
can be understood based on the Pauli exclusion principle.
Figure 3(a) depicts the leading contribution to NN forces
due to the excitation of a !, induced by the exchange of
pions with another nucleon. Because this is a second-order
perturbation, its contribution to the energy and to the two-
neutron monopole components has to be attractive. This is
part of the attractive d3=2 " d5=2 monopole component
obtained from NN forces.
In nuclei, the process of Fig. 3(a) leads to a change of the

SPE of the j, m orbital due to the excitation of a core
nucleon to a !, as illustrated in Fig. 3(b) where the initial
valence neutron is virtually excited to another j0,m0 orbital.
As discussed, this lowers the energy of the j, m orbital
and thus increases its binding. However, in nuclei this
process is forbidden by the Pauli exclusion principle, if
another neutron occupies the same orbital j0, m0, as shown
in Fig. 3(c). The corresponding contribution must then be
subtracted from the SPE change due to Fig. 3(b). This is
taken into account by the inclusion of the exchange dia-
gram, Fig. 3(d), where the neutrons in the intermediate
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FIG. 2 (color online). Single-particle energies of the neutron
d5=2, s1=2 and d3=2 orbitals measured from the energy of 16O as a
function of neutron number N. (a) SPEs calculated from a G
matrix and from low-momentum interactions Vlow k. (b) SPEs
obtained from the phenomenological forces SDPF-M [13] and
USD-B [14]. (c),(d) SPEs including contributions from 3N
forces due to ! excitations and chiral EFT 3N interactions at
N2LO [25]. The changes due to 3N forces based on ! excitations
are highlighted by the shaded areas.
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state have been exchanged and this leads to the exchange of
the final (or initial) orbital labels j, m and j0, m0. Because
this process reflects a cancellation of the lowering of the
SPE, the contribution from Fig. 3(d) has to be repulsive for
two neutrons. Finally, we can rewrite Fig. 3(d) as the FM
3N force of Fig. 3(e), where the middle nucleon is summed
over core nucleons. The importance of the cancellation
between Figs. 3(a) and 3(e) was recognized for nuclear
matter in Ref. [21].

The process in Fig. 3(d) corresponds to a two-valence-
neutron monopole interaction, schematically illustrated in
Fig. 4(d). The resulting SPE evolution is shown in Fig. 2(c)

for the G matrix formalism, where a standard pion-N-!
coupling [22] was used and all 3N diagrams of the same
order as Fig. 3(d) are included. We observe that the repul-
sive FM 3N contributions become significant with increas-
ing N and the resulting SPE structure is similar to that of
phenomenological forces, where the d3=2 orbital remains
high. Next, we calculate the SPEs from chiral low-
momentum interactions Vlow k, including the changes due

to the leading (N2LO) 3N forces in chiral EFT [23], see
Figs. 3(f)–3(h). We consider also the SPEs where 3N-force
contributions are only due to ! excitations [24]. The lead-
ing chiral 3N forces include the long-range two-pion-
exchange part, Fig. 3(f), which takes into account the
excitation to a ! and other resonances, plus shorter-range
3N interactions, Figs. 3(g) and 3(h), that have been con-
strained in few-nucleon systems [25]. The resulting SPEs
in Fig. 2(d) demonstrate that the long-range contributions
due to ! excitations dominate the changes in the SPE
evolution and the effects of shorter-range 3N interactions
are smaller. We point out that 3N forces play a key role for
the magic number N ¼ 14 between d5=2 and s1=2 [26], and
that they enlarge theN ¼ 16 gap between s1=2 and d3=2 [5].
The contributions from Figs. 3(f)–3(h) (plus all ex-

change terms) to the monopole components take into ac-
count the normal-ordered two-body parts of 3N forces,
where one of the nucleons is summed over all nucleons
in the core. This is also motivated by recent coupled-cluster
calculations [27], where residual 3N forces between three
valence states were found to be small. In addition, the
effects of 3N forces among three valence neutrons should
be generally weaker due to the Pauli principle.
Finally, we take into account many-body correlations by

diagonalization in the valence space. The resulting ground-
state energies of the oxygen isotopes are presented in
Fig. 4. Figure 4(a) (based on phenomenological forces)
implies that many-body correlations do not change our
picture developed from the SPEs: The energy decreases
to N ¼ 16, but the d3=2 neutrons added out to N ¼ 20

FIG. 3 (color online). Processes involving 3N contributions.
The external lines are valence neutrons. The dashed and thick
lines denote pions and ! excitations, respectively. Nucleon-hole
lines are indicated by downward arrows. The leading chiral 3N
forces include the long-range two-pion-exchange parts, diagram
(f), which take into account the excitation to a ! and other
resonances, plus shorter-range one-pion exchange, diagram (g),
and 3N contact interactions, diagram (h).
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(d)  Schematic picture of two-
       valence-neutron interaction
       induced from 3N force

FIG. 4 (color online). Ground-state energies of oxygen isotopes measured from 16O, including experimental values of the bound 16–
24 O. Energies obtained from (a) phenomenological forces SDPF-M [13] and USD-B [14], (b) a Gmatrix and including FM 3N forces
due to ! excitations, and (c) from low-momentum interactions Vlow k and including chiral EFT 3N interactions at N2LO as well as only
due to ! excitations [25]. The changes due to 3N forces based on ! excitations are highlighted by the shaded areas. (d) Schematic
illustration of a two-valence-neutron interaction generated by 3N forces with a nucleon in the 16O core.
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The limit of neutron-rich nuclei, the neutron drip line, evolves regularly from light to medium-mass

nuclei except for a striking anomaly in the oxygen isotopes. This anomaly is not reproduced in shell-

model calculations derived from microscopic two-nucleon forces. Here, we present the first microscopic

explanation of the oxygen anomaly based on three-nucleon forces that have been established in few-body

systems. This leads to repulsive contributions to the interactions among excess neutrons that change the

location of the neutron drip line from 28O to the experimentally observed 24O. Since the mechanism is

robust and general, our findings impact the prediction of the most neutron-rich nuclei and the synthesis of

heavy elements in neutron-rich environments.

DOI: 10.1103/PhysRevLett.105.032501 PACS numbers: 21.10.!k, 21.30.!x, 21.60.Cs, 27.30.+t

One of the central challenges of nuclear physics is to
develop a unified description of all nuclei created in the
laboratory and the cosmos based on the underlying forces
between neutrons and protons (nucleons). This involves
understanding the sequences of isotopes in the nuclear
chart, Fig. 1, from the limits of proton-rich nuclei to the
neutron drip line. These limits have been established ex-
perimentally up to oxygen with proton number Z ¼ 8.
Mapping out the neutron drip line for larger Z [1] and
exploring unexpected structures in neutron-rich nuclei are
a current frontier in the physics of rare isotopes. The years
of discovery in Fig. 1 highlight the tremendous advances
made over the last decade.

Figure 1 shows that the neutron drip line evolves regu-
larly with increasing proton number, with an odd-even
bound-unbound pattern due to neutron halos and pairing
effects. The only known anomalous behavior is present in
the oxygen isotopes, where the drip line is strikingly close
to the stability line [2]. Already in the fluorine isotopes,
with one more proton, the drip line is back to the regular
trend [3]. In this Letter, we discuss this puzzle and show
that three-body forces are necessary to explain why 24O
[4,5] is the heaviest oxygen isotope.

Three-nucleon (3N) forces were introduced in the pio-
neering work of Fujita and Miyazawa (FM) [6] and arise
because nucleons are composite particles. The FM 3N
mechanism is due to one nucleon virtually exciting a
second nucleon to the !ð1232 MeVÞ resonance, which is
deexcited by scattering off a third nucleon, see Fig. 3(e).

Three-nucleon interactions arise naturally in chiral ef-
fective field theory (EFT) [7], which provides a systematic
basis for nuclear forces, where nucleons interact via pion
exchanges and shorter-range contact interactions. The re-
sulting nuclear forces are organized in a systematic expan-

sion from leading to successively higher orders, and
include the! excitation as the dominant part of the leading
3N forces [7]. The quantitative role of 3N interactions has
been highlighted in recent ab initio calculations of light
nuclei with A ¼ N þ Z & 12 [8,9].
We first discuss why the oxygen anomaly is not repro-

duced in shell-model calculations derived from micro-
scopic NN forces. This can be understood starting from
the stable 16O and adding neutrons into single-particle
orbitals (with standard quantum numbers nlj) above the
16O core. We will show that correlations do not change this
intuitive picture. Starting from 16O, neutrons first fill the
0d5=2 orbitals, with a closed subshell configuration at 22O
(N ¼ 14), then the 1s1=2 orbitals at 24O (N ¼ 16), and
finally the 0d3=2 orbitals at 28O (N ¼ 20). For simplicity,
we will drop the n label in the following.

FIG. 1 (color online). Stable and unstable nuclei with Z & 14
and neutron number N [35]. The oxygen anomaly in the location
of the neutron drip line is highlighted. Element names and years
of discovery of the most neutron-rich nuclei are given. The axis
numbers indicate the conventional magic numbers.
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expected to be
• doubly magic
• at drip line

28O: 

experiment:
• 24O has both features

• drip-line anomaly for O-isotopes
R. V. F. Janssens, Nature 459, 1069 (2009)

In Fig. 2, we show the single-particle energies (SPEs) of
the neutron d5=2, s1=2 and d3=2 orbitals at subshell closures
N ¼ 8, 14, 16, and 20. The evolution of the SPEs is due to
interactions as neutrons are added. For the SPEs based on
NN forces in Fig. 2(a), the d3=2 orbital decreases rapidly as
neutrons occupy the d5=2 orbital, and remains well bound
from N ¼ 14 on. This leads to bound oxygen isotopes out
to N ¼ 20 and puts the neutron drip line incorrectly at 28O.
This result appears to depend only weakly on the renor-
malization method or the NN interaction used. We dem-
onstrate this by showing SPEs calculated in the G matrix
formalism [10], which sums particle-particle ladders, and
based on low-momentum interactions Vlow k [11] obtained
from chiral NN interactions at next-to-next-to-next-to-
leading order (N3LO) [12] using the renormalization
group. Both calculations include core polarization effects
perturbatively [including diagram Fig. 3(d) with the !
replaced by a nucleon and all other second-order diagrams]
and start from empirical SPEs [13] in 17O. The empirical
SPEs contain effects from the core and its excitations,
including effects due to 3N forces.

We next show in Fig. 2(b) the SPEs obtained from the
phenomenological forces SDPF-M [13] and USD-B [14]
that have been fit to reproduce experimental binding en-

ergies and spectra. This shows a striking difference com-
pared to Fig. 2(a): As neutrons occupy the d5=2 orbital, with
N evolving from 8 to 14, the d3=2 orbital remains almost at
the same energy and is not well bound out to N ¼ 20. The
dominant differences between Figs. 2(a) and 2(b) can be
traced to the two-body monopole components, which de-
termine the average interaction between two orbitals. The
monopole components of a general two-body interaction V
are given by an angular average over all possible orienta-
tions of the two nucleons in orbitals lj and l0j0 [15],

Vmono
j;j0 ¼

X

m;m0
hjmj0m0jVjjmj0m0i=

X

m;m0
1; (1)

where the sum over magnetic quantum numbers m and m0

can be restricted by antisymmetry (see [16,17] for details).
The SPE of the orbital j is effectively shifted by Vmono

j;j0

multiplied by the occupation number of the orbital j0. This
leads to the change in the SPE and determines shell struc-
ture and the location of the drip line [16–19].
The comparison of Figs. 2(a) and 2(b) suggests that the

monopole interaction between the d3=2 and d5=2 orbitals
obtained from NN theories is too attractive, and that the
oxygen anomaly can be solved by additional repulsive
contributions to the two-neutron monopole components,
which approximately cancel the average NN attraction on
the d3=2 orbital. With extensive studies based on NN
forces, it is unlikely that such a distinct property would
have been missed, and it has been argued that 3N forces
may be important for the monopole components [20].
Next, we show that 3N forces among two valence neu-

trons and one nucleon in the 16O core give rise to repulsive
monopole interactions between the valence neutrons.
While the contributions of the FM 3N force to other
quantities can be different, the shell-model configurations
composed of valence neutrons probe the long-range parts
of 3N forces. The repulsive nature of this 3N mechanism
can be understood based on the Pauli exclusion principle.
Figure 3(a) depicts the leading contribution to NN forces
due to the excitation of a !, induced by the exchange of
pions with another nucleon. Because this is a second-order
perturbation, its contribution to the energy and to the two-
neutron monopole components has to be attractive. This is
part of the attractive d3=2 " d5=2 monopole component
obtained from NN forces.
In nuclei, the process of Fig. 3(a) leads to a change of the

SPE of the j, m orbital due to the excitation of a core
nucleon to a !, as illustrated in Fig. 3(b) where the initial
valence neutron is virtually excited to another j0,m0 orbital.
As discussed, this lowers the energy of the j, m orbital
and thus increases its binding. However, in nuclei this
process is forbidden by the Pauli exclusion principle, if
another neutron occupies the same orbital j0, m0, as shown
in Fig. 3(c). The corresponding contribution must then be
subtracted from the SPE change due to Fig. 3(b). This is
taken into account by the inclusion of the exchange dia-
gram, Fig. 3(d), where the neutrons in the intermediate
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FIG. 2 (color online). Single-particle energies of the neutron
d5=2, s1=2 and d3=2 orbitals measured from the energy of 16O as a
function of neutron number N. (a) SPEs calculated from a G
matrix and from low-momentum interactions Vlow k. (b) SPEs
obtained from the phenomenological forces SDPF-M [13] and
USD-B [14]. (c),(d) SPEs including contributions from 3N
forces due to ! excitations and chiral EFT 3N interactions at
N2LO [25]. The changes due to 3N forces based on ! excitations
are highlighted by the shaded areas.
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NN-forces only: 28O bound

28O

with 3N-forces: 

In Fig. 2, we show the single-particle energies (SPEs) of
the neutron d5=2, s1=2 and d3=2 orbitals at subshell closures
N ¼ 8, 14, 16, and 20. The evolution of the SPEs is due to
interactions as neutrons are added. For the SPEs based on
NN forces in Fig. 2(a), the d3=2 orbital decreases rapidly as
neutrons occupy the d5=2 orbital, and remains well bound
from N ¼ 14 on. This leads to bound oxygen isotopes out
to N ¼ 20 and puts the neutron drip line incorrectly at 28O.
This result appears to depend only weakly on the renor-
malization method or the NN interaction used. We dem-
onstrate this by showing SPEs calculated in the G matrix
formalism [10], which sums particle-particle ladders, and
based on low-momentum interactions Vlow k [11] obtained
from chiral NN interactions at next-to-next-to-next-to-
leading order (N3LO) [12] using the renormalization
group. Both calculations include core polarization effects
perturbatively [including diagram Fig. 3(d) with the !
replaced by a nucleon and all other second-order diagrams]
and start from empirical SPEs [13] in 17O. The empirical
SPEs contain effects from the core and its excitations,
including effects due to 3N forces.

We next show in Fig. 2(b) the SPEs obtained from the
phenomenological forces SDPF-M [13] and USD-B [14]
that have been fit to reproduce experimental binding en-

ergies and spectra. This shows a striking difference com-
pared to Fig. 2(a): As neutrons occupy the d5=2 orbital, with
N evolving from 8 to 14, the d3=2 orbital remains almost at
the same energy and is not well bound out to N ¼ 20. The
dominant differences between Figs. 2(a) and 2(b) can be
traced to the two-body monopole components, which de-
termine the average interaction between two orbitals. The
monopole components of a general two-body interaction V
are given by an angular average over all possible orienta-
tions of the two nucleons in orbitals lj and l0j0 [15],

Vmono
j;j0 ¼

X

m;m0
hjmj0m0jVjjmj0m0i=

X

m;m0
1; (1)

where the sum over magnetic quantum numbers m and m0

can be restricted by antisymmetry (see [16,17] for details).
The SPE of the orbital j is effectively shifted by Vmono

j;j0

multiplied by the occupation number of the orbital j0. This
leads to the change in the SPE and determines shell struc-
ture and the location of the drip line [16–19].
The comparison of Figs. 2(a) and 2(b) suggests that the

monopole interaction between the d3=2 and d5=2 orbitals
obtained from NN theories is too attractive, and that the
oxygen anomaly can be solved by additional repulsive
contributions to the two-neutron monopole components,
which approximately cancel the average NN attraction on
the d3=2 orbital. With extensive studies based on NN
forces, it is unlikely that such a distinct property would
have been missed, and it has been argued that 3N forces
may be important for the monopole components [20].
Next, we show that 3N forces among two valence neu-

trons and one nucleon in the 16O core give rise to repulsive
monopole interactions between the valence neutrons.
While the contributions of the FM 3N force to other
quantities can be different, the shell-model configurations
composed of valence neutrons probe the long-range parts
of 3N forces. The repulsive nature of this 3N mechanism
can be understood based on the Pauli exclusion principle.
Figure 3(a) depicts the leading contribution to NN forces
due to the excitation of a !, induced by the exchange of
pions with another nucleon. Because this is a second-order
perturbation, its contribution to the energy and to the two-
neutron monopole components has to be attractive. This is
part of the attractive d3=2 " d5=2 monopole component
obtained from NN forces.
In nuclei, the process of Fig. 3(a) leads to a change of the

SPE of the j, m orbital due to the excitation of a core
nucleon to a !, as illustrated in Fig. 3(b) where the initial
valence neutron is virtually excited to another j0,m0 orbital.
As discussed, this lowers the energy of the j, m orbital
and thus increases its binding. However, in nuclei this
process is forbidden by the Pauli exclusion principle, if
another neutron occupies the same orbital j0, m0, as shown
in Fig. 3(c). The corresponding contribution must then be
subtracted from the SPE change due to Fig. 3(b). This is
taken into account by the inclusion of the exchange dia-
gram, Fig. 3(d), where the neutrons in the intermediate
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FIG. 2 (color online). Single-particle energies of the neutron
d5=2, s1=2 and d3=2 orbitals measured from the energy of 16O as a
function of neutron number N. (a) SPEs calculated from a G
matrix and from low-momentum interactions Vlow k. (b) SPEs
obtained from the phenomenological forces SDPF-M [13] and
USD-B [14]. (c),(d) SPEs including contributions from 3N
forces due to ! excitations and chiral EFT 3N interactions at
N2LO [25]. The changes due to 3N forces based on ! excitations
are highlighted by the shaded areas.

PRL 105, 032501 (2010) P HY S I CA L R EV I EW LE T T E R S
week ending
16 JULY 2010

032501-2

state have been exchanged and this leads to the exchange of
the final (or initial) orbital labels j, m and j0, m0. Because
this process reflects a cancellation of the lowering of the
SPE, the contribution from Fig. 3(d) has to be repulsive for
two neutrons. Finally, we can rewrite Fig. 3(d) as the FM
3N force of Fig. 3(e), where the middle nucleon is summed
over core nucleons. The importance of the cancellation
between Figs. 3(a) and 3(e) was recognized for nuclear
matter in Ref. [21].

The process in Fig. 3(d) corresponds to a two-valence-
neutron monopole interaction, schematically illustrated in
Fig. 4(d). The resulting SPE evolution is shown in Fig. 2(c)

for the G matrix formalism, where a standard pion-N-!
coupling [22] was used and all 3N diagrams of the same
order as Fig. 3(d) are included. We observe that the repul-
sive FM 3N contributions become significant with increas-
ing N and the resulting SPE structure is similar to that of
phenomenological forces, where the d3=2 orbital remains
high. Next, we calculate the SPEs from chiral low-
momentum interactions Vlow k, including the changes due

to the leading (N2LO) 3N forces in chiral EFT [23], see
Figs. 3(f)–3(h). We consider also the SPEs where 3N-force
contributions are only due to ! excitations [24]. The lead-
ing chiral 3N forces include the long-range two-pion-
exchange part, Fig. 3(f), which takes into account the
excitation to a ! and other resonances, plus shorter-range
3N interactions, Figs. 3(g) and 3(h), that have been con-
strained in few-nucleon systems [25]. The resulting SPEs
in Fig. 2(d) demonstrate that the long-range contributions
due to ! excitations dominate the changes in the SPE
evolution and the effects of shorter-range 3N interactions
are smaller. We point out that 3N forces play a key role for
the magic number N ¼ 14 between d5=2 and s1=2 [26], and
that they enlarge theN ¼ 16 gap between s1=2 and d3=2 [5].
The contributions from Figs. 3(f)–3(h) (plus all ex-

change terms) to the monopole components take into ac-
count the normal-ordered two-body parts of 3N forces,
where one of the nucleons is summed over all nucleons
in the core. This is also motivated by recent coupled-cluster
calculations [27], where residual 3N forces between three
valence states were found to be small. In addition, the
effects of 3N forces among three valence neutrons should
be generally weaker due to the Pauli principle.
Finally, we take into account many-body correlations by

diagonalization in the valence space. The resulting ground-
state energies of the oxygen isotopes are presented in
Fig. 4. Figure 4(a) (based on phenomenological forces)
implies that many-body correlations do not change our
picture developed from the SPEs: The energy decreases
to N ¼ 16, but the d3=2 neutrons added out to N ¼ 20

FIG. 3 (color online). Processes involving 3N contributions.
The external lines are valence neutrons. The dashed and thick
lines denote pions and ! excitations, respectively. Nucleon-hole
lines are indicated by downward arrows. The leading chiral 3N
forces include the long-range two-pion-exchange parts, diagram
(f), which take into account the excitation to a ! and other
resonances, plus shorter-range one-pion exchange, diagram (g),
and 3N contact interactions, diagram (h).
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FIG. 4 (color online). Ground-state energies of oxygen isotopes measured from 16O, including experimental values of the bound 16–
24 O. Energies obtained from (a) phenomenological forces SDPF-M [13] and USD-B [14], (b) a Gmatrix and including FM 3N forces
due to ! excitations, and (c) from low-momentum interactions Vlow k and including chiral EFT 3N interactions at N2LO as well as only
due to ! excitations [25]. The changes due to 3N forces based on ! excitations are highlighted by the shaded areas. (d) Schematic
illustration of a two-valence-neutron interaction generated by 3N forces with a nucleon in the 16O core.
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Discovery of 40Mg and 42Al suggests neutron
drip-line slant towards heavier isotopes
T. Baumann1, A. M. Amthor1,2, D. Bazin1, B. A. Brown1,2, C. M. Folden III1, A. Gade1,2, T. N. Ginter1, M. Hausmann1,
M.Matoš1, D. J.Morrissey1,3,M. Portillo1, A. Schiller1, B.M. Sherrill1,2, A. Stolz1, O. B. Tarasov1,4&M.Thoennessen1,2

A fundamental question in nuclear physics is what combinations
of neutrons and protons canmake up a nucleus.Many hundreds of
exotic neutron-rich isotopes have never been observed; the limit of
how many neutrons a given number of protons can bind is
unknown for all but the lightest elements1, owing to the delicate
interplay between single particle and collective quantum effects in
the nucleus. This limit, known as the neutron drip line, provides a
benchmark for models of the atomic nucleus. Here we report a
significant advance in the determination of this limit: the disco-
very of two new neutron-rich isotopes—40Mg and 42Al—that are
predicted to be drip-line nuclei2. In the past, several attempts to
observe 40Mg were unsuccessful3,4; moreover, the observation of
42Al provides an experimental indication that the neutron drip
line may be located further towards heavier isotopes in this mass
region than is currently believed. In stable nuclei, attractive pair-
ing forces enhance the stability of isotopes with even numbers of
protons and neutrons. In contrast, the present work shows that
nuclei at the drip line gain stability from an unpaired proton,
which narrows the shell gaps and provides the opportunity to bind
many more neutrons5,6.

The experimental determination of the neutron drip line is extre-
mely challenging primarily because isotopes at the drip line, for
example, perhaps 18 neutrons beyond the stable aluminium isotope,
can be produced only in minute quantities if they are accessible at all.
The other difficulty is that these nuclei are very fragile, and they

rapidly and preferentially emit neutrons when produced in any nuc-
lear reaction. The theoretical prediction of the drip line is also very
difficult because of the lack of a reliable universal theory of the atomic
nucleus. From the many theoretical models that are available we
selected two of the best global models, the finite range droplet model
(FRDM) and the Hartree–Fock–Bogoliubov model. Figure 1 shows
the predicted neutron drip line from these twomodels and illustrates
the large variation in model predictions. The FRDM uses a semi-
classical description of the macroscopic contributions to the nuclear
binding energy augmented with microscopic corrections resulting
from local single-particle shell structure and the pairing of nucleons7

(Fig. 1, solid black line). For comparison, the fully microscopic
Hartree–Fock–Bogoliubov model (HFB-8) is a state-of-the-art
quantummechanical calculation8 that puts the nucleons into a mean
field with a Skyrme interaction in which the pairing field is included
in analogy to the Bogoliubov–de Gennes equations in condensed
matter physics9 (Fig. 1, dashed green line). We selected HFB-8 over
other HFB models because it has the best overall fit to measured
masses10. Although both FRDM and HFB-8 correctly predict the
location of the neutron drip line in many cases, they are not able to
account for the detailed interplay of valence protons and neutrons.
The discrepancies between the models are particularly large in the
region frommagnesium to silicon. This issue is especially relevant to
the current effort to determine the limits of nuclear existence and the
ability to determine those limits with the next generation of nuclear

1National Superconducting Cyclotron Laboratory, 2Department of Physics andAstronomy, 3Department of Chemistry,Michigan State University, East Lansing, Michigan 48824, USA.
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Figure 1 | Section of the chart of nuclides for light, neutron-rich nuclei. The
proton number increases vertically and the neutron number horizontally.
Yellow squares denote previously observed nuclei. The neutron drip lines
predicted by the FRDM and HFB-8 models are shown by the black and

dashed green lines, respectively. The most recently observed drip-line nuclei
are indicated by orange circles with their year of discovery, and the isotopes
discovered in the present experiment are highlighted in red (see the text for
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nominal filling of the 1p3/2 orbital (
45Al32) are most probably bound.

Heavier nuclei up to 47Al are also probably bound if the 1p3/2–1p1/2
spin–orbital splitting becomes small, as suggested by the new gen-
eration of Skyrme forces that include the tensor interaction5,6. This is
illustrated by a more recent version of the HFB calculation (HFB-9),
which does predict 42Al to be bound and actually shows even 48Al to
be bound10. This demonstrates the likelihood that the drip line is
significantly further from stability than predicted by models such
as HFB-8, which predict that 42Al is unbound.

Thus, the observation of 40Mg, 42Al and possibly even 43Al at or
near the neutron drip line provides the first experimental indication
that the stability of very neutron-rich aluminium isotopes is
enhanced relative to magnesium. This provides a significant advance
in our understanding of where the drip line is likely to lie in this
region and indicates that it may be farther from stable isotopes than
expected. Hence, the goal of defining the limits of stability at the
current and next generations of nuclear science facilities built to
study rare isotopes may be significantly more difficult than pre-
viously believed. In fact, the results of this experiment indicate that
the drip line may be beyond the reach of all of these facilities for
nuclei with atomic numbers greater than 12.
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Discovery of 40Mg and 42Al suggests neutron
drip-line slant towards heavier isotopes
T. Baumann1, A. M. Amthor1,2, D. Bazin1, B. A. Brown1,2, C. M. Folden III1, A. Gade1,2, T. N. Ginter1, M. Hausmann1,
M.Matoš1, D. J.Morrissey1,3,M. Portillo1, A. Schiller1, B.M. Sherrill1,2, A. Stolz1, O. B. Tarasov1,4&M.Thoennessen1,2

A fundamental question in nuclear physics is what combinations
of neutrons and protons canmake up a nucleus.Many hundreds of
exotic neutron-rich isotopes have never been observed; the limit of
how many neutrons a given number of protons can bind is
unknown for all but the lightest elements1, owing to the delicate
interplay between single particle and collective quantum effects in
the nucleus. This limit, known as the neutron drip line, provides a
benchmark for models of the atomic nucleus. Here we report a
significant advance in the determination of this limit: the disco-
very of two new neutron-rich isotopes—40Mg and 42Al—that are
predicted to be drip-line nuclei2. In the past, several attempts to
observe 40Mg were unsuccessful3,4; moreover, the observation of
42Al provides an experimental indication that the neutron drip
line may be located further towards heavier isotopes in this mass
region than is currently believed. In stable nuclei, attractive pair-
ing forces enhance the stability of isotopes with even numbers of
protons and neutrons. In contrast, the present work shows that
nuclei at the drip line gain stability from an unpaired proton,
which narrows the shell gaps and provides the opportunity to bind
many more neutrons5,6.

The experimental determination of the neutron drip line is extre-
mely challenging primarily because isotopes at the drip line, for
example, perhaps 18 neutrons beyond the stable aluminium isotope,
can be produced only in minute quantities if they are accessible at all.
The other difficulty is that these nuclei are very fragile, and they

rapidly and preferentially emit neutrons when produced in any nuc-
lear reaction. The theoretical prediction of the drip line is also very
difficult because of the lack of a reliable universal theory of the atomic
nucleus. From the many theoretical models that are available we
selected two of the best global models, the finite range droplet model
(FRDM) and the Hartree–Fock–Bogoliubov model. Figure 1 shows
the predicted neutron drip line from these twomodels and illustrates
the large variation in model predictions. The FRDM uses a semi-
classical description of the macroscopic contributions to the nuclear
binding energy augmented with microscopic corrections resulting
from local single-particle shell structure and the pairing of nucleons7

(Fig. 1, solid black line). For comparison, the fully microscopic
Hartree–Fock–Bogoliubov model (HFB-8) is a state-of-the-art
quantummechanical calculation8 that puts the nucleons into a mean
field with a Skyrme interaction in which the pairing field is included
in analogy to the Bogoliubov–de Gennes equations in condensed
matter physics9 (Fig. 1, dashed green line). We selected HFB-8 over
other HFB models because it has the best overall fit to measured
masses10. Although both FRDM and HFB-8 correctly predict the
location of the neutron drip line in many cases, they are not able to
account for the detailed interplay of valence protons and neutrons.
The discrepancies between the models are particularly large in the
region frommagnesium to silicon. This issue is especially relevant to
the current effort to determine the limits of nuclear existence and the
ability to determine those limits with the next generation of nuclear

1National Superconducting Cyclotron Laboratory, 2Department of Physics andAstronomy, 3Department of Chemistry,Michigan State University, East Lansing, Michigan 48824, USA.
4Flerov Laboratory of Nuclear Reactions, JINR, 141980 Dubna, Moscow region, Russian Federation.
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Figure 1 | Section of the chart of nuclides for light, neutron-rich nuclei. The
proton number increases vertically and the neutron number horizontally.
Yellow squares denote previously observed nuclei. The neutron drip lines
predicted by the FRDM and HFB-8 models are shown by the black and

dashed green lines, respectively. The most recently observed drip-line nuclei
are indicated by orange circles with their year of discovery, and the isotopes
discovered in the present experiment are highlighted in red (see the text for
details).
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3N-forces and Ca-isotopes
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FIG. 4: Ground-state energies of calcium isotopes relative
to 40Ca compared with experiment and extrapolated energies
from the AME2003 atomic mass evaluation [24]. The panels
and results are labeled as in Fig. 2. The changes due to 3N
forces are highlighted by the shaded area in panel (c).

havior flattens to N=40 due to the weakly-bound f5/2
orbital. With NN-only forces in Fig. 4 (b) [as expected
from Fig. 1 (b)], all neutron-rich calcium isotopes are
overbound. In Fig. 4 (c) and (d) the repulsion due to
3N forces leads to less bound ground-state energies, and
improved agreement with experiment, which is amplified
with neutron number [in Fig. 4 (c) the Vlow k+3N(N2LO)
(KB3G SPE) results would lie on those of Vlow k+3N(∆)
(GXPF1 SPE)]. The repulsive 3N mechanism, discovered
for the oxygen anomaly [7], is therefore robust and gen-
eral for neutron-rich nuclei. With MBPT SPEs in the
pfg9/2 shell, the ground-state energies are further im-
proved, particularly at 52Ca, due to the higher p1/2. Our
results with 3N(N2LO) suggest a drip line around 60Ca,
which is close to the experimental frontier [25]. As the
predicted energies significantly flatten from N = 34−40,
the inclusion of continuum effects will be very important.

Another difference in the MBPT SPEs is the position
of the g9/2, which was taken at 1MeV in 41Ca with the
GXPF1 SPEs. For consistency all one-body contribu-
tions from 3N forces were calculated with a 40Ca core.
This results in the g9/2 lying just below the f5/2 orbit in
41Ca [see Fig. 1 (d)]. When a 60Ca core is used for the
g9/2 orbital, the additional 3N repulsion raises the g9/2 to
−1.11MeV, further improving our results. In this case,
the 2+ energy in 48Ca is at 4.4MeV, the ground-state
energies are raised by 1−2MeV past 48Ca, and the peak
B(M1) transition is concentrated at 10.2MeV, very close
to the experimental values. This suggests that a refined
3N inclusion to the SPEs will be very promising.

We have presented the first study of the role of 3N
forces for the formation and evolution of shell structure in
medium-mass nuclei. Our results show 3N forces are key
to explain the N = 28 magic number, leading to a high
2+ excitation energy and a concentrated magnetic dipole
transition strength in 48Ca. Our different 3N(N2LO) pre-
dictions can be taken as a range of uncertainty. This pre-
dicts a shell closure at N = 34 and suggests the drip line
around 60Ca, thus linking the 3N forces frontier to the
experimental frontier for neutron-rich nuclei.
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[10] P. Navrátil et al., J. Phys. G 36 083101 (2009).
[11] S. K. Bogner et al., Nucl. Phys. A784, 79 (2007); Prog.

Part. Nucl. Phys. 65 94 (2010).
[12] D. R. Entem and R. Machleidt, Phys. Rev. C 68,

041001(R) (2003).
[13] T. T. S. Kuo and E. Osnes, Springer Lecture Notes of

Physics, 1990, Vol. 364, p. 1.
[14] M. Hjorth-Jensen, T. T. S. Kuo and E. Osnes, Phys.

Rept. 261, 125 (1995).
[15] Particle-particle contributions are treated perturbatively

in the large space; only high-lying ladders are summed.
[16] T. Otsuka et al., Phys. Rev. Lett 104, 012501 (2010).
[17] G. Hagen et al., Phys. Rev. C 76, 034302 (2007).
[18] A. M. Green, Rep. Prog. Phys. 39, 1109 (1976).
[19] U. van Kolck, Phys. Rev. C 49, 2932 (1994); E. Epel-

baum et al., Phys. Rev. C 66, 064001 (2002).
[20] S. K. Bogner et al., arXiv:0903.3366. We use the 3N cou-

plings fit to the 3H binding energy and the 4He radius
for the smooth-cutoff Vlow k with Λ = Λ3N = 2.0 fm−1.

[21] The first-order 3N contribution also dominates the neu-
tron matter energy, see K. Hebeler and A. Schwenk,
Phys. Rev. C 82, 014314 (2010).

[22] L. Coraggio et al., Phys. Rev. C 80, 044311 (2009).
[23] P. von Neumann-Cosel et al., Phys. Lett.B443, 1 (1998).
[24] G. Audi, A. H. Wapstra and C. Thibault, Nucl. Phys.

A729, 337 (2003).
[25] M. Langevin et al., Phys. Lett. B130, 251 (1983); M.

Bernas et al., Phys. Lett. B415, 111 (1997); O. B.
Tarasov et al., Phys. Rev. C 80, 034609 (2009).

• correctly describes 48Ca as a 
magic nucleus

• predicts shell closure at N = 34 
( 54Ca )



May 13, 2011 Rare Isotopes at TITAN for  Nuclear  Structure

TITAN: towards N=34 with K & Ca

25

3

FIG. 2. Experimental mass-excess deviations with respect to
the AME’03 values. Our 44K mass excess of -35778.7(1.6) keV
measured with multiply charged K4+ agrees with the more
precise ISOLTRAP value of -35781.29(0.47) keV [32]. The
black error bars represent the uncertainties of the AME’03
values. The red thick elongated lines lying on the zero-energy
line represent the uncertainties of our measurements.

III. RESULTS

The measured frequency ratios of the studied K and
Ca isotopes with respect to stable 39K are listed in Table
I along with their respective deduced mass-excess values.
The frequency ratios are obtained from the weighted av-
erage of several frequency measurements, each of them
resulting from a series of 50 to 200 frequency scans con-
ducted with 41 frequency steps. Table I also presents
the difference between the AME’03 mass-excess values
[44, 45] and TITAN’s, δME . Fig. 2 shows the δME de-
viation for the measured K and Ca isotopes. The 44K
mass excess was determined using 44K4+. Our result
of -35778.7(1.6) keV is in accordance with the AME’03
value, but approximately one order of magnitude more
precise. It agrees well with the recent ISOLTRAP value
of -35781.29(0.47) keV, which is a factor of 4 more accu-
rate than ours [32]. The sum of the ionization potentials
from neutral K to K3+ is 143 eV and was included in
the calculations of the 44K4+ mass excess. Our mass-
excess value for 47K is in agreement, within 2σ, with the
AME’03 value, which is based on three transfer-reaction
measurements: 48Ca(d,3He)47K [33] and 48Ca(t,α)47K
[34, 35]. However, those obtained for 48,49K show
strong deviations from the evaluated values by δME =-
160(24) keV and δME =708(70) keV, respectively. The
AME’03 48K mass excess is mainly infered from two
transfer-reaction measurements: 48Ca(7Li,7Be)48K [36]
and 48Ca(14C,14N)48K [37]. The AME’03 49K mass-
excess value was mainly determined from a single mea-
surement of the β-decay Q-value end-point energy [40].
The deviation of the AME’03 50K mass excess from our
measurement is within 2σ. The AME’03 50K mass ex-
cess is based on a direct measurement (time-of-flight

isochronous) [41] as well as a determination of the β-
decay Q-value end-point energy [40]. Our mass-excess
values for 49,50Ca are within 2σ of the evaluated values.
The 49Ca AME’03 mass excess is deduced from three
48Ca(n,γ)49Ca transfer-reaction measurements [42–45],
while the 50Ca excess value is based on two 48Ca(t,p)50Ca
measurements [34, 46].

Systematic studies using stable species were performed
for the TITAN system in order to evaluate sources of
systematic errors, see Refs. [19–21]. The principal sys-
tematic error affecting our measurements is due to the
magnetic-field misalignment and harmonic distortion of
the trap’s electrostatic potential. In Ref. [19], it was con-
servatively estimated that this error is at most ±4.2 ppb
per atomic mass number difference between the investi-
gated and reference ions. This error is considered a full-
width uncertainty, which corresponds to a 3σ (99.74%)
error of a normal distribution. Due to compensating er-
rors in the construction of the trap, the resulting error
contribution can be divided by three in Table I to make
it consistent with a one σ (68.26%) error and added in
quadrature to the statistical error to obtain the total un-
certainty. Very recently analyses of the systematic er-
rors of the TITAN Penning-trap mass spectrometer have
yielded an error of ±0.2 ppb per atomic mass number dif-
ference [21]. To remain conservative, we kept ±4.2 ppb
[19].

IV. DISCUSSION OF THE RESULTS

A. Disagreement of the 48K mass excess

The AME’03 48K mass excess is more massive than
our result by 160(24) keV. One possible explanation for
the disagreement is the transfer-reaction studies [36, 37]
that previously attempted to measure the 48K mass ex-
cess, might have measured the mass excess of an excited
state and not the ground state. Based on two series
of γ-spectroscopy coincidence measurements, Królas et

al. [38] proposed a new excited-state structure for 48K,
whose four first excited levels are at 143 keV (Jπ =2-),
279 keV (Jπ =2-), 728 keV (Jπ =3-), and 2.117 MeV
(Jπ =5+). Królas et al. also proposed a new Jπ=1-
spin-parity assignment for the 48K ground state, which
is consistent with the spin-parity evolution of odd K
isotopes near N = 28 [38] and a recent spin-parity re-
assignement of the 50K ground state as Jπ=1- [39]. In
the transfer-reaction studies, no peak at 143 keV was dis-
cerned. Weisser et al. [36] observed, in addition to the
peak assigned to the ground state, one very prominant
peak at 580 keV, which they attributed to an excited
state. In [37], Mayer et al. observed with the ground-
state peak three additional weak peaks at 0.35, 0.8, and
2.1 MeV. Such later peaks have a low statistical signif-
icance and hence might be originating from the three
last upper levels proposed by Królas et al.. However, as-
suming that the transfer reactions did not produce the

A. Lapierre et al., to be submitted to PRC

• large deviations from previous measurements up to 10 σ
• N=28 shell gap in fact ≈1 MeV larger
• later this year:

2

TABLE I. Frequency ratios (relative to stable 39K) and atomic mass-excess (ME) values of the investigated K and Ca isotopes.
The first displayed uncertainty is the statistical error while the second one is the systematic error (see text), the third error is
the total uncertainty which is the result of the statistical and systematic errors added in quadrature. δME is the deviation of
the AME’03 values [44, 45] with respect to our results (MEexpt − MEAME′03).

Isotopes Half-life νmeas
c /νref

c MEexpt (keV) MEAME′03 (keV) δME

44K4+
25 22.13(19) m 0.886306820(35)(7)(36) -35778.7(1.6)(0.3)(1.6) -35810(36) 31(36)

47K+
28 17.50(24) s 0.829689831(27)(11)(29) -35711.8(1.4)(0.6)(1.5) -35696(8) -15(8)

48K+
29 6.8(2) s 0.812328289(14)(13)(19) -32284.2(0.8)(0.7)(1.1) -32124(24) -160(24)

49K+
30 1.26(5) s 0.795691609(13)(14)(19) -29611.3(0.8)(0.9)(1.2) -30320(70) 708(70)

50K+
31 472(4) ms 0.77970242(13)(15)(13) -25727.6(7.7)(0.9)(7.8) -25352(278) -376(278)

49Ca+
29 8.718(5) m 0.795895563(20)(14)(24) -41300.0(1.2)(0.8)(1.5) -41289(4) -11(4)

50Ca+
30 13.9(6) s 0.779934672(26)(15)(30) -39589.0(1.6)(0.9)(1.9) -39571(9) -18(9)

trometer [20]. The set-up is also equipped with a surface
ion source located under the TITAN RFCT to supply
ions of stable alkali isotopes such as 39K for systematic
tests, optimization, and for mass calibration.

The short-lived neutron-rich K and Ca isotope beams
were produced by the TRIUMF’s ISAC (Isotope Sep-
arator and ACcelerator) radioactive beam facility [30]
with a surface ion source using a Ta target bombarded
by a ∼75-µA (and later reduced to ∼40 µA) 500-MeV
proton beam. The ISAC beams were mass separated
with a dipole magnet with a mass resolving power of
∼3000 and delivered to TITAN with a kinetic energy of
15 keV. The singly charged ion beams were injected into
the RFCT where they were decelerated electrostatically
and their transverse and longitudinal emittances were re-
duced with He buffer gas. The ions were subsequently
extracted as bunches with an energy of approximately 2
keV. The bunches were then either sent directly to the
Penning trap, or to the EBIT for charge breeding and
subsequently to the Penning trap. During this experi-
ment, the EBIT was utilized only for 44K (T1/2=22.13
m) as a proof-of-principle to achieve a charge state of
4+. 44K4+ was charge bred with an electron-beam en-
ergy of 3.95 keV, and a weak electron-beam current of less
than 1 mA produced by only warming up the Pierce-type
electron-gun cathode. The EBIT magnetic-field strength
was 4 T, the trapping potential was set to 100 V, and the
charge breeding time was 200 ms.

The mass measurements were performed with the well-
established time-of-flight ion cyclotron resonance (TOF-
ICR) technique [31]. For details of the TITAN measure-
ment procedure see Ref. [19]. Quadrupole RF excitation
times ranged from 8 to 997 ms, but excitation times of
147 and 997 ms were normally used. After RF excita-
tion of the trapped ions, they were ejected from the trap
and the energy gained during the excitation was adia-
batically converted in the decreasing magnetic field into
the axial energy, which was reflected in shorter time of
flights to a microchannel plate (MCP) detector. Full con-
version of the magnetron-to-cyclotron motion only oc-
cured when the RF frequency was equal to the ions’
cyclotron frequency, νc, which was thus determined by

FIG. 1. 49K+ and 50K+ TOF-ICR resonance curves. The
RF quadrupolar excitation times were 997 and 147 ms, re-
spectively. The red solid curve is a fit of the theoretically
expected line shape [31] to the data points.

scanning the frequency of the RF field. Typical TOF-
ICR curves obtained with 49K+ and 50K+ are shown
in Fig. 1. The ions’ mass was determined from the
relation νc = qB/(2πm), where q is the charge of the
trapped ions, m their mass, and B, the trap’s magnetic
field strength. 39K from the TITAN ion source was used
as mass reference to calibrate the trap’s magnetic field
strength. TOF-ICR measurements of 39K were taken be-
fore and after the resonance frequency measurements of
the neutron-rich K and Ca isotopes.

A K Ca
51 unknown 93.7
52 unknown 698.6
53 unknown unknown

current exp. uncertainties [keV]
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Figure 8. The five values for Vud derived in the text are shown in the top panel, the grey band being the average value. The four panels at the
bottom of the figure show the error budgets for the four results shown in the top panel with points and error bars. The three contributors to
the uncertainties—experiment, radiative correction and nuclear correction—are separately identified.

Finally, the Particle Data Group [111] combines the
inclusive (8.3) and exclusive (8.6) determinations of |Vub| by
taking a weighted average of the two to obtain

|Vub| = (3.93 ± 0.36) × 10−3, (8.7)

a result that is dominated by the inclusive measurements.

9. CKM unitarity and its significance

In section 6 we described four different classes of
β-decay measurement used to determine Vud experimentally:
superallowed 0+ → 0+ nuclear transitions, neutron decay,
mirror nuclear transitions and pion decay. Each of the four has
produced a value—two values in the case of neutron decay—
for Vud. The result for nuclear superallowed transitions appears
in (6.8); those for neutron decay are in (6.17) and (6.18); the
mirror-transition value appears in (6.24) and that for pion decay
is in (6.29). All five results are plotted in the top panel of
figure 8. Obviously, they are consistent with one another but,
because the nuclear superallowed value has an uncertainty at
least a factor of six less than all other results, it dominates any
average. Furthermore, the more precise of the two neutron
results can hardly be considered definitive since it involves
only two selected measurements. Consequently we use the
nuclear superallowed result, (6.8), as the appropriate value for
Vud to use in testing CKM unitarity.

To date, the most demanding test of CKM unitarity comes
from the sum of squares of the top-row elements (2.13),
|Vud|2 + |Vus|2 + |Vub|2, which should equal one. Since
|Vud|2 constitutes 95% of this sum, the precision on Vud is
of paramount importance. The value of

|Vud| = 0.974 25 ± 0.000 22 (9.1)

derived in section 6.1.4 has a precision of 0.02%, which is the
most precise result so far obtained for this matrix element and
is, by more than an order of magnitude, the most precisely
determined value for any element in the CKM matrix.

The CKM matrix element Vus can be obtained from K"3

(see section 7.1) and K"2 (section 7.2) decays. The SU(3)-
symmetry-breaking correction is too uncertain to include the
results from hyperon decay (section 7.3) while values from τ

decay (section 7.4) are at the present time lacking sufficient
experimental precision. For K"3 decay, we have (7.4)

|Vus| = 0.2246 ± 0.0012 (9.2)

and from K"2 decay (7.10)

|Vus|
|Vud|

= 0.2319 ± 0.0015. (9.3)

Thus, we now have three pieces of data—|Vud| from
nuclear decays, (9.1), |Vus| from K"3 decays, (9.2), and the ratio
|Vus|/|Vud| from K"2 decays, (9.3)—from which to determine
two parameters, |Vud| and |Vus|. We perform a non-linear least
squares fit to obtain the result

|Vud| = 0.974 25(22), |Vus| = 0.225 21(94). (9.4)

Note that the value of |Vud| obtained from this fitting
procedure is left unchanged compared with (9.1); while |Vus| is
increased compared with (9.2), but still well within the quoted
uncertainties.

As described in section 8, the third element of the top
row of the CKM matrix, Vub, is very small and hardly
impacts on the unitarity test at all. Its value from the
2008 Particle Data Group compilation [11], given in (8.7), is

31

I S Towner and J C Hardy, Rep. Prog. Phys. 73, 046301 (2010)

→ test unitarity!



May 13, 2011 Rare Isotopes at TITAN for  Nuclear  Structure

superallowed 0+→0+ beta decays 

28

⇒ superallowed 0+→ 0+ decays most precise way to extract Vud

due to Δ J = ΔT = Δ L = Δ S = 0:
• pure Fermi decay (only vector part)
• transition between isobaric analog states
• only total Isospin Ladder Operator T± alters wave-function
⇒ for T = 1: matrix element:

K … numerical constant

t … „partial halflife            (dep on. BR and T½ )

f … phase space integral (dep. on Q-value)

experimental input



May 13, 2011 Rare Isotopes at TITAN for  Nuclear  Structure

superallowed 0+→0+ beta decays 

28

⇒ superallowed 0+→ 0+ decays most precise way to extract Vud

due to Δ J = ΔT = Δ L = Δ S = 0:
• pure Fermi decay (only vector part)
• transition between isobaric analog states
• only total Isospin Ladder Operator T± alters wave-function
⇒ for T = 1: matrix element:

K … numerical constant

t … „partial halflife            (dep on. BR and T½ )

f … phase space integral (dep. on Q-value)

experimental input

recent mass measurements in Penning taps:
22Mg, 26mAl, 34Cl, 38mK, 38Ca, 42Sc, 46V, 50Mn, 54Co, 74Rb

➡ discovered&resolved discrepancy to reaction meas.

M. Mukherjee et al., PRL 93, 150801(2004)
A. Kellerbauer et al., PRL 93, 072502 (2004)
G. Savard et al., PRL 95, 102501 (2005)
G. Bollen et al., PRL 96, 152501 (2006)
T. Eronen et al., PRL 97, 232501 (2006); 

PRL100, 132502 (2008); PRL 103, 252501 (2009)
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= 3072.38(75) s is indicated by the horizontal lines and has a χ2/ν value of 0.31.
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P. Finlay, S. Ettenauer et al., PRL 106, 032501 (2011)
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W. Satuła et al., PRL 106, 132502 (2011)
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corrected ft values obtained using the fluctuations of the
Woods–Saxon calculations yield numerically identical results
(F tÞ"3 ¼ 3072:3ð14Þ s with reduced w2 values of 0.92 and 0.28
for the TH02WS and TH08WS calculations, respectively. This is a
significant result in of itself. By first correcting each ft value using
the dC values from both the TH02WS and TH08WS, the
resulting average F t values, F tðTH02WSÞ ¼ 3074:6ð7Þ s and
F tðTH08WSÞ ¼ 3072:1ð8Þ s are not in agreement (see Table 3).
However, it has been argued that the main difference between
these two calculations is not the case-by-case fluctuations (these
are nearly identical for these two sets, see Fig. 4) but is primarily
due to the difference in the absolute magnitude, which is larger
for TH08WS due to the use of an increased model space compared
with TH02WS. Because Wilkinson’s third method subtracts the
absolute scale to utilize only the fluctuations, both sets of
calculations therefore yield identical results. The fact that
Method 3 relies only on the shell fluctuations of the isospin
symmetry breaking calculations yet returns a result for TH08WS
(F tÞ"3 ¼ 3072:3ð14Þ s that is in excellent agreement with the
average value F tðTH08WSÞ ¼ 3072:1ð8Þ s [1] obtained from the
standard procedure of applying the full set of dC corrections is also
an important test of self consistency. This comparison provides
independent support for the conclusion that the TH08WS set of dC
calculations that employ a larger shell-model space, no longer
underestimate the absolute scale of the isospin symmetry
breaking corrections at the level of precision probed by the
experimental data and radiative corrections. On the other hand,
for the older TH02WS set of calculations that lacked these
important core orbitals, Method 3 has accurately accounted for
these deficiencies and yielded a result that is in agreement
with both F t and ðF tÞ"3 from the modern set of TH08WS
calculations.

Applying Method 3 to the Hartree–Fock calculations for isospin
symmetry breaking also yield very similar results ðF tÞ"3 ¼
3071:9ð14Þ s (with a reduced w2 ¼ 1:10) and ðF tÞ"3 ¼ 3068:8ð16Þ s
(reduced w2 ¼ 0:77) for the OB95HF and TH09HF calculations,
respectively. The OB95HF result is also in excellent agreement
with TH08WS even though the absolute magnitude of these two
sets of calculations are significantly different. The TH09HF result,
although it almost overlaps with the OB95HF, TH02WS, and

TH08WS values within uncertainty, is % 3 s smaller and is
significant given the fact that all of these methods use exactly
the same input experimental ft values. The reason for this
discrepancy is almost entirely due to the relative shell fluctuation
of the isospin symmetry breaking correction for the most
precisely measured superallowed decay of 26mAl. Compared to
dC % 0:3% derived by OB95HF, TH02WS, and TH08WS for 26mAl,
the value dC ¼ 0:44ð5Þ% [1] obtained with TH09HF is nearly 50%
larger. Due to the high-precision obtained experimentally for this
case, the difference in this single fluctuation for 26mAl that is
unique to the set of TH09HF calculations is enough to shift the
corresponding intercept by % 3:0 s. However, it should be stressed
that Method 3 is not uniquely sensitive to this single dCf value for
26mAl. The traditional approach of calculating the average of 13
corrected cases is also affected since the F t value for 26mAl is
presently the most-precisely determined [1]. Further investiga-
tion into the origin of this difference in dC obtained for the
particular case of 26mAl in the TH09HF set of isospin symmetry
breaking calculations is highly desirable given the impact of this
single highest-precision ft value on the determination of Vud.

The excellent overall agreement between the results of
Method 3 using the residuals dCf to correct each experimental ft
value, is a reflection of the similarity in the relative nucleus-to-
nucleus shell structure variations included in all four models of
isospin symmetry breaking that are based on shell-model
approaches. An average of the Method 3 results for the four sets
of calculations is adopted as the final result for Wilkinson’s third
method,

ðF tÞ"3 ¼ 3071:5ð14Þ s: ð12Þ

This value is numerically identical to the one derived using
Method 2 (Eq. (9)), although Method 3 is conceptually more
appealing for providing an independent test of the absolute values
of the isospin symmetry breaking corrections in superallowed
Fermi b decay. This method uses the results of the shell-model
calculations to describe only the case-by-case shell fluctuations of
the isospin symmetry breaking corrections without making any
assumption regarding their absolute magnitude. It is the relative
nuclear shell fluctuations that are consistently described by all
four of the models as evidenced in both Fig. 4 and the acceptable
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Fig. 5. (Color online) Plot of the (ft)*3 data points derived using the dCf fluctuations from the four complete sets of isospin symmetry breaking corrections and the resulting
quadratic fits giving the global trend of the data. The intercepts at Z ¼ 0.5 and the reduced w2 values are provided for each fit.
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According to CVC, when the decay occurs between isospin
T = 1 analog states, the measured ft values should be the same
irrespective of the nucleus, viz.,

ft = K

G2
V |MF |2

= const, (1)

where K/(h̄c)6= 2π3h̄ ln 2/(mec
2)5 = (8120.2787 ± 0.0011)×

10−10 GeV−4 s, GV is the vector coupling constant for
semileptonic weak interactions, and MF is the Fermi matrix
element. The CVC hypothesis asserts that the vector coupling
constant GV is a true constant and not renormalized to another
value in the nuclear medium.

In practice, Eq. (1) has to be amended slightly. First,
there are radiative corrections because, for example, the
emitted electron may emit a bremsstrahlung photon that goes
undetected in the experiment. Second, isospin is not an exact
symmetry in nuclei, so the nuclear matrix element MF is not
the same for all superallowed transitions but is slightly reduced
from its ideal value by a different amount in each case. This
leads us to write

|MF |2 = |M0|2(1 − δC), (2)

where M0 is the exact-symmetry value, which for T = 1
states is M0 =

√
2, and δC is the isospin-symmetry-breaking

correction, which takes on a different (small) value for each
transition. Thus, we define a “corrected” F t value as

F t ≡ f t(1 + δ′
R) (1 + δNS − δC) = K

2G2
V

(
1 + #V

R

) , (3)

where, in addition to the terms already defined, #V
R is the

transition-independent part of the radiative correction and
the terms δ′

R and δNS comprise the transition-dependent part
of the radiative correction, the former being a function only of
the electron’s energy and the Z of the daughter nucleus, while
the latter, like δC , depends in its evaluation on the details of
nuclear structure.

From Eq. (3), it can be seen that a single measured transition
establishes a value for F t and, hence, GV . This result could,
in principle, then be used to determine Vud via the relationship
Vud = GV /GF , where GF is the well-known weak-interaction
constant for muon decay [13]. However, a value for Vud derived
from a single superallowed transition would be reliant upon
a single pair of structure-dependent correction terms, δNS and
δC , without there being any independent verification of those
terms’ validity; so, in practice, as many transitions as possible
are measured and their resultant F t values compared. If they
satisfy CVC by being statistically consistent with each another,
then one is justified in taking an average value of F t , from
which GV and Vud can then be derived.

If they are not consistent with each other, then one can
proceed no further since inconsistency must signal a failure
either of the calculated structure-dependent corrections or
else of the CVC hypothesis itself. In either case, an average
value of F t has no defined significance and certainly cannot
be used to obtain a value for Vud.

Here we find the basis for a test of the calculated structure-
dependent correction terms: How well do they do in producing
a consistent set of F t values from the experimental ft values?

The latter show very pronounced differences from one transi-
tion to another, and the extent to which those differences are
successfully removed by a given set of calculated correction
terms would be a sensitive measure of the efficacy of the
calculations involved. Naturally, such a test is only as good
as the CVC hypothesis. However, we believe that most would
agree that a persistent scatter in the derived F t values is more
likely to be due to a deficiency in the calculated corrections
rather than to a failure of CVC.

III. THE TEST

Our test is based upon the premise that CVC is valid at least
to ±0.03%, which is the level of precision currently attained by
the best ft-value measurements. Under that condition, a valid
set of structure-dependent correction terms should produce a
statistically consistent set of F t values, the average of which
we can write as F t . It then follows from Eq. (3) that, for each
individual transition in the set, we can write

δC − δNS = 1 − F t

f t(1 + δ′
R)

. (4)

For any set of corrections to be acceptable, the calculated value
of δC − δNS for each superallowed transition must satisfy this
equation, where ft is the measured result for that transition
and F t has the same value for all of them. Thus, to test a
set of correction terms for n superallowed transitions, one can
treat F t as a single adjustable parameter and use it to bring
the n results from the right side of Eq. (4), which are based
predominantly on experiment, into the best possible agreement
with the corresponding n calculated values for δC − δNS. The
normalized χ2, minimized by this process, then provides a
figure of merit for that set of calculations.

As it happens, there is only one set of calculations available
for δNS [3,14] but many for the isospin-symmetry-breaking
term δC . It therefore becomes more useful to rearrange Eq. (4)
to read

δC = 1 + δNS − F t

f t(1 + δ′
R)

. (5)

The same least-squares minimization process can, of course,
be used in the application of this equation.

IV. AVAILABLE CALCULATIONS FOR δC

There have been a number of methods used over the
years to calculate the isospin-symmetry-breaking correction
to superallowed β decay. We describe some of them here, in
chronological order.

A. Damgaard model

The first model was proposed in 1969 by Damgaard [4]
and was improved eight years later by Towner et al. [15]. The
idea is that the proton involved in beta decay has a different
radial wave function than the neutron into which it transforms
because it is influenced by the Coulomb interaction with all
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FIG. 1. Isospin-symmetry-breaking correction δC , in percent, plotted as a function of atomic number Z of the daughter nucleus. The solid
circular points with error bars are the values of δC obtained from Eq. (5), with the experimental ft values and the values of δ′

R and δNS (and their
uncertainties) all taken from Table I. In effect, we treat these as the “experimental” δC values. The X’s joined by lines represent the δC values
calculated by the various models described in the text and identified in the top left of each graph. The value of F t in Eq. (5) has been adjusted
in each case by least-squares fitting to optimize the agreement between the experimental δC values and the calculated ones. The corresponding
values of χ 2/nd are listed in the next-to-last row of Table I.

confidence levels well below 0.5%. Because the two other
analyses included nonstatistical uncertainties on the theoretical
correction terms in addition to the statistical experimental ones,
their values of χ2/nd are substantially lower, but the relative
ranking of the six models is approximately preserved: in all
cases the SM-SW model is by far the best. It is remarkable that
the model which becomes second best when the theoretical
uncertainties are included is the earliest and arguably the most
primitive one. Its success evidently stems from its treatment
of the radial mismatch between the parent and daughter states,
which accounts rather well for the sharp increase in δC between
Z = 12 and Z = 16 and between Z = 26 and Z = 30. It is
perhaps equally striking that the most recent IVMR model fails
to reproduce the trend of the data or any of its characteristic
features.

VI. CONCLUSIONS

Evidently, the shell model with Saxon-Woods radial wave
functions, SM-SW, is the only model tested that yields isospin-
symmetry-breaking corrections which, when combined with
the experimental ft values, produce F t values that agree with
the CVC hypothesis over the full range of Z values. This, of

course, does not prove that the SM-SW model is correct in
every way; however, it does demonstrate that the other models
in their present form cannot be used to extract a number for
Vud and to test CKM unitarity. As we note in Sec. II, if the F t
values are not consistent with one another, then their average
has no defined significance since either the symmetry-breaking
model is wrong or CVC itself has failed.

There is a second model, SM-HF, which has many promis-
ing features. As can be appreciated from an examination of
Fig. 1, its relatively large χ2 is due to its failure to match
the experimental δC values for the cases with Z ! 30. If
we were to restrict ourselves only to the lighter cases, then
the model would agree well with CVC. This difference at
the highest Z values between the SM-SW and SM-HF model
calculations has been known for 15 years, having first been
pointed out by Ormand and Brown [6] even before the decays
of the highest-Z emitters, 62Ga and 74Rb, had yet been
precisely measured. Prompted by the results reported here,
we are currently examining whether this feature of the SM-HF
model (as described in Sec. IV C) is sensitive to the particular
Skyrme interaction used [18]. We have, by now, sampled 12
different interactions and have also added a pairing term to
the interaction, turning the calculation into a Hartree-Fock-
Bogolyubov one. However, under no circumstances have we

065501-7
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corrected ft values obtained using the fluctuations of the
Woods–Saxon calculations yield numerically identical results
(F tÞ"3 ¼ 3072:3ð14Þ s with reduced w2 values of 0.92 and 0.28
for the TH02WS and TH08WS calculations, respectively. This is a
significant result in of itself. By first correcting each ft value using
the dC values from both the TH02WS and TH08WS, the
resulting average F t values, F tðTH02WSÞ ¼ 3074:6ð7Þ s and
F tðTH08WSÞ ¼ 3072:1ð8Þ s are not in agreement (see Table 3).
However, it has been argued that the main difference between
these two calculations is not the case-by-case fluctuations (these
are nearly identical for these two sets, see Fig. 4) but is primarily
due to the difference in the absolute magnitude, which is larger
for TH08WS due to the use of an increased model space compared
with TH02WS. Because Wilkinson’s third method subtracts the
absolute scale to utilize only the fluctuations, both sets of
calculations therefore yield identical results. The fact that
Method 3 relies only on the shell fluctuations of the isospin
symmetry breaking calculations yet returns a result for TH08WS
(F tÞ"3 ¼ 3072:3ð14Þ s that is in excellent agreement with the
average value F tðTH08WSÞ ¼ 3072:1ð8Þ s [1] obtained from the
standard procedure of applying the full set of dC corrections is also
an important test of self consistency. This comparison provides
independent support for the conclusion that the TH08WS set of dC
calculations that employ a larger shell-model space, no longer
underestimate the absolute scale of the isospin symmetry
breaking corrections at the level of precision probed by the
experimental data and radiative corrections. On the other hand,
for the older TH02WS set of calculations that lacked these
important core orbitals, Method 3 has accurately accounted for
these deficiencies and yielded a result that is in agreement
with both F t and ðF tÞ"3 from the modern set of TH08WS
calculations.

Applying Method 3 to the Hartree–Fock calculations for isospin
symmetry breaking also yield very similar results ðF tÞ"3 ¼
3071:9ð14Þ s (with a reduced w2 ¼ 1:10) and ðF tÞ"3 ¼ 3068:8ð16Þ s
(reduced w2 ¼ 0:77) for the OB95HF and TH09HF calculations,
respectively. The OB95HF result is also in excellent agreement
with TH08WS even though the absolute magnitude of these two
sets of calculations are significantly different. The TH09HF result,
although it almost overlaps with the OB95HF, TH02WS, and

TH08WS values within uncertainty, is % 3 s smaller and is
significant given the fact that all of these methods use exactly
the same input experimental ft values. The reason for this
discrepancy is almost entirely due to the relative shell fluctuation
of the isospin symmetry breaking correction for the most
precisely measured superallowed decay of 26mAl. Compared to
dC % 0:3% derived by OB95HF, TH02WS, and TH08WS for 26mAl,
the value dC ¼ 0:44ð5Þ% [1] obtained with TH09HF is nearly 50%
larger. Due to the high-precision obtained experimentally for this
case, the difference in this single fluctuation for 26mAl that is
unique to the set of TH09HF calculations is enough to shift the
corresponding intercept by % 3:0 s. However, it should be stressed
that Method 3 is not uniquely sensitive to this single dCf value for
26mAl. The traditional approach of calculating the average of 13
corrected cases is also affected since the F t value for 26mAl is
presently the most-precisely determined [1]. Further investiga-
tion into the origin of this difference in dC obtained for the
particular case of 26mAl in the TH09HF set of isospin symmetry
breaking calculations is highly desirable given the impact of this
single highest-precision ft value on the determination of Vud.

The excellent overall agreement between the results of
Method 3 using the residuals dCf to correct each experimental ft
value, is a reflection of the similarity in the relative nucleus-to-
nucleus shell structure variations included in all four models of
isospin symmetry breaking that are based on shell-model
approaches. An average of the Method 3 results for the four sets
of calculations is adopted as the final result for Wilkinson’s third
method,

ðF tÞ"3 ¼ 3071:5ð14Þ s: ð12Þ

This value is numerically identical to the one derived using
Method 2 (Eq. (9)), although Method 3 is conceptually more
appealing for providing an independent test of the absolute values
of the isospin symmetry breaking corrections in superallowed
Fermi b decay. This method uses the results of the shell-model
calculations to describe only the case-by-case shell fluctuations of
the isospin symmetry breaking corrections without making any
assumption regarding their absolute magnitude. It is the relative
nuclear shell fluctuations that are consistently described by all
four of the models as evidenced in both Fig. 4 and the acceptable
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Fig. 5. (Color online) Plot of the (ft)*3 data points derived using the dCf fluctuations from the four complete sets of isospin symmetry breaking corrections and the resulting
quadratic fits giving the global trend of the data. The intercepts at Z ¼ 0.5 and the reduced w2 values are provided for each fit.
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According to CVC, when the decay occurs between isospin
T = 1 analog states, the measured ft values should be the same
irrespective of the nucleus, viz.,

ft = K

G2
V |MF |2

= const, (1)

where K/(h̄c)6= 2π3h̄ ln 2/(mec
2)5 = (8120.2787 ± 0.0011)×

10−10 GeV−4 s, GV is the vector coupling constant for
semileptonic weak interactions, and MF is the Fermi matrix
element. The CVC hypothesis asserts that the vector coupling
constant GV is a true constant and not renormalized to another
value in the nuclear medium.

In practice, Eq. (1) has to be amended slightly. First,
there are radiative corrections because, for example, the
emitted electron may emit a bremsstrahlung photon that goes
undetected in the experiment. Second, isospin is not an exact
symmetry in nuclei, so the nuclear matrix element MF is not
the same for all superallowed transitions but is slightly reduced
from its ideal value by a different amount in each case. This
leads us to write

|MF |2 = |M0|2(1 − δC), (2)

where M0 is the exact-symmetry value, which for T = 1
states is M0 =

√
2, and δC is the isospin-symmetry-breaking

correction, which takes on a different (small) value for each
transition. Thus, we define a “corrected” F t value as

F t ≡ f t(1 + δ′
R) (1 + δNS − δC) = K

2G2
V

(
1 + #V

R

) , (3)

where, in addition to the terms already defined, #V
R is the

transition-independent part of the radiative correction and
the terms δ′

R and δNS comprise the transition-dependent part
of the radiative correction, the former being a function only of
the electron’s energy and the Z of the daughter nucleus, while
the latter, like δC , depends in its evaluation on the details of
nuclear structure.

From Eq. (3), it can be seen that a single measured transition
establishes a value for F t and, hence, GV . This result could,
in principle, then be used to determine Vud via the relationship
Vud = GV /GF , where GF is the well-known weak-interaction
constant for muon decay [13]. However, a value for Vud derived
from a single superallowed transition would be reliant upon
a single pair of structure-dependent correction terms, δNS and
δC , without there being any independent verification of those
terms’ validity; so, in practice, as many transitions as possible
are measured and their resultant F t values compared. If they
satisfy CVC by being statistically consistent with each another,
then one is justified in taking an average value of F t , from
which GV and Vud can then be derived.

If they are not consistent with each other, then one can
proceed no further since inconsistency must signal a failure
either of the calculated structure-dependent corrections or
else of the CVC hypothesis itself. In either case, an average
value of F t has no defined significance and certainly cannot
be used to obtain a value for Vud.

Here we find the basis for a test of the calculated structure-
dependent correction terms: How well do they do in producing
a consistent set of F t values from the experimental ft values?

The latter show very pronounced differences from one transi-
tion to another, and the extent to which those differences are
successfully removed by a given set of calculated correction
terms would be a sensitive measure of the efficacy of the
calculations involved. Naturally, such a test is only as good
as the CVC hypothesis. However, we believe that most would
agree that a persistent scatter in the derived F t values is more
likely to be due to a deficiency in the calculated corrections
rather than to a failure of CVC.

III. THE TEST

Our test is based upon the premise that CVC is valid at least
to ±0.03%, which is the level of precision currently attained by
the best ft-value measurements. Under that condition, a valid
set of structure-dependent correction terms should produce a
statistically consistent set of F t values, the average of which
we can write as F t . It then follows from Eq. (3) that, for each
individual transition in the set, we can write

δC − δNS = 1 − F t

f t(1 + δ′
R)

. (4)

For any set of corrections to be acceptable, the calculated value
of δC − δNS for each superallowed transition must satisfy this
equation, where ft is the measured result for that transition
and F t has the same value for all of them. Thus, to test a
set of correction terms for n superallowed transitions, one can
treat F t as a single adjustable parameter and use it to bring
the n results from the right side of Eq. (4), which are based
predominantly on experiment, into the best possible agreement
with the corresponding n calculated values for δC − δNS. The
normalized χ2, minimized by this process, then provides a
figure of merit for that set of calculations.

As it happens, there is only one set of calculations available
for δNS [3,14] but many for the isospin-symmetry-breaking
term δC . It therefore becomes more useful to rearrange Eq. (4)
to read

δC = 1 + δNS − F t

f t(1 + δ′
R)

. (5)

The same least-squares minimization process can, of course,
be used in the application of this equation.

IV. AVAILABLE CALCULATIONS FOR δC

There have been a number of methods used over the
years to calculate the isospin-symmetry-breaking correction
to superallowed β decay. We describe some of them here, in
chronological order.

A. Damgaard model

The first model was proposed in 1969 by Damgaard [4]
and was improved eight years later by Towner et al. [15]. The
idea is that the proton involved in beta decay has a different
radial wave function than the neutron into which it transforms
because it is influenced by the Coulomb interaction with all
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FIG. 1. Isospin-symmetry-breaking correction δC , in percent, plotted as a function of atomic number Z of the daughter nucleus. The solid
circular points with error bars are the values of δC obtained from Eq. (5), with the experimental ft values and the values of δ′

R and δNS (and their
uncertainties) all taken from Table I. In effect, we treat these as the “experimental” δC values. The X’s joined by lines represent the δC values
calculated by the various models described in the text and identified in the top left of each graph. The value of F t in Eq. (5) has been adjusted
in each case by least-squares fitting to optimize the agreement between the experimental δC values and the calculated ones. The corresponding
values of χ 2/nd are listed in the next-to-last row of Table I.

confidence levels well below 0.5%. Because the two other
analyses included nonstatistical uncertainties on the theoretical
correction terms in addition to the statistical experimental ones,
their values of χ2/nd are substantially lower, but the relative
ranking of the six models is approximately preserved: in all
cases the SM-SW model is by far the best. It is remarkable that
the model which becomes second best when the theoretical
uncertainties are included is the earliest and arguably the most
primitive one. Its success evidently stems from its treatment
of the radial mismatch between the parent and daughter states,
which accounts rather well for the sharp increase in δC between
Z = 12 and Z = 16 and between Z = 26 and Z = 30. It is
perhaps equally striking that the most recent IVMR model fails
to reproduce the trend of the data or any of its characteristic
features.

VI. CONCLUSIONS

Evidently, the shell model with Saxon-Woods radial wave
functions, SM-SW, is the only model tested that yields isospin-
symmetry-breaking corrections which, when combined with
the experimental ft values, produce F t values that agree with
the CVC hypothesis over the full range of Z values. This, of

course, does not prove that the SM-SW model is correct in
every way; however, it does demonstrate that the other models
in their present form cannot be used to extract a number for
Vud and to test CKM unitarity. As we note in Sec. II, if the F t
values are not consistent with one another, then their average
has no defined significance since either the symmetry-breaking
model is wrong or CVC itself has failed.

There is a second model, SM-HF, which has many promis-
ing features. As can be appreciated from an examination of
Fig. 1, its relatively large χ2 is due to its failure to match
the experimental δC values for the cases with Z ! 30. If
we were to restrict ourselves only to the lighter cases, then
the model would agree well with CVC. This difference at
the highest Z values between the SM-SW and SM-HF model
calculations has been known for 15 years, having first been
pointed out by Ormand and Brown [6] even before the decays
of the highest-Z emitters, 62Ga and 74Rb, had yet been
precisely measured. Prompted by the results reported here,
we are currently examining whether this feature of the SM-HF
model (as described in Sec. IV C) is sensitive to the particular
Skyrme interaction used [18]. We have, by now, sampled 12
different interactions and have also added a pairing term to
the interaction, turning the calculation into a Hartree-Fock-
Bogolyubov one. However, under no circumstances have we
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δc and the charge radius of 74Rb
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contributes to the final Ft values for the “traditional nine” superallowed transitions.

B. Ft value error budgets

We show the contributing factors to the individual Ft-value uncertainties in Fig. 4 for the ”traditional nine” cases
and in Fig. 5 for the remaining eleven. For most of the cases that contribute to the CVC test – 26Alm to 54Co in
Fig. 4 as well as 62Ga and 74Rb in Fig. 5 – the theoretical uncertainties are greater than, or comparable to, the
experimental ones. In these cases, the nuclear-structure-dependent correction, δC − δNS , contributes an uncertainty
of 3-7 parts in 104 to all Ft values between 26Alm and 54Co but jumps up to 20-30 parts in 104 for 62Ga and 74Rb
because of nuclear-model ambiguities. For its part, the nucleus-dependent radiative correction, δ′R, has an uncertainty
that starts very small but grows smoothly with Z2. This is because the contribution to δ′R from order Z2α3 has only
been estimated from its leading logarithm [176] and the magnitude of this estimate has been taken as the uncertainty
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operators, then |i〉 and |f 〉 are exact isospin analogs of each
other, 〈π |bα|i〉 = 〈f |a†

α|π〉∗, and the symmetry-limit matrix
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element is

M0 =
∑

α,π

|〈f |a†
α|π〉|2. (5)

If isospin is not an exact symmetry, then |i〉 and |f 〉 are not
isospin analogs and a correction to M0 needs to be evaluated.
This is the isospin-symmetry-breaking correction, δC , we seek
to determine. It is defined by

M2
F = M2

0 (1 − δC). (6)

Ideally, to obtain δC one would compute Eq. (4) using the shell
model and introduce Coulomb and other charge-dependent
terms into the shell-model Hamiltonian. However, because the
Coulomb force is long range, the shell-model space would
have to be huge to include all the potential states with which
the Coulomb interaction might connect. Currently, this is not
a practical proposition.

To proceed with a manageable calculation, we have devel-
oped a model approach [7,178,179] in which δC is divided into
two parts:

δC = δC1 + δC2. (7)

For δC1, we compute
∑

α,π

〈f̄ |a†
α|π〉〈π |bα|ı〉 = M0(1 − δC1)1/2, (8)

055502-12
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Q-value for 74Rb

32

keV peaks were constant as a function of time, as expected if
they come from a very short-lived source. Finally, in an in-
dependent !-" experiment #13$, it was found that the 456-
and 1198-keV lines decay with the characteristic 74Rb half-
life. This !" experiment also confirmed the intensities of
these two transitions as presented below.
The intensities of the observed transitions per 74Rb decay

are given in Table I. The values are corrected for summing
effects related to positron emission, which were determined
from the experimental "-ray spectrum to be %2%. Beyond
that, the intensity of each " ray is corrected for summing
with other, coincident, " rays. The "-" summing probabili-
ties were determined from standard calibration sources and
range between 5% and 10%. For the 02

!→01
! and 21

!→01
!

transitions, theoretical K/total intensity ratios #14$ and con-
version coefficients #12$ were used to determine the total
transition intensities from the measured K-converted radia-
tion.
The decay scheme for 74Rb is shown in Fig. 3. With the

exception of the 1198- and 4244-keV " rays, all of the ob-
served transitions can be attributed to the decay of known
levels in 74Kr #8,9,15$. We have tentatively assigned the
4244-keV " ray as a (1!→01

!) transition. The 1204-keV
transition from the decay of the 22

! level was not directly
observed, since it coincides in energy with a stronger 1204-

keV " ray from the 74Ga decay. Its intensity was inferred
from the intensity of the 748-keV " ray and the intensity
ratio of the 1204- and 747-keV " rays taken from Ref. #15$.
The 1742-keV, (23

!)→01
! transition, predicted by the shell-

model calculation to have an intensity of one third of the
1286-keV transition, could not be observed because of the
presence of the 1745-keV " ray from the 74Ga decay.
From the energy spectrum of the positrons detected in the

thick plastic scintillator in coincidence with the observed
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FIG. 2. Spectrum of " rays from the 74Rb decay. Arrows and
stars indicate contaminating radiation from the 74Ga and 74Br de-
cays, respectively.

TABLE I. !-Delayed " transitions in 74Kr.

Total intensity per decay ("10!5)

Energy
&keV' Assignment Experiment Theorya

53&1' 02
!→21

! 32&7'
509&1' 02

!→01
! 48&5' 102b

456&1' 21
!→01

! 250&14' 252
695&1' 22

!→02
! 8&5' 1

748&1' 22
!→21

! 19&5' 16
1198&1' (03

!→21
!)c 52&5' 42

1204 22
!→01

! 26&14'd 26
1233&1' (23

!)c→02
! 29&4' 6

1286&1' (23
!)c→21

! 9&5' 10
4244&1' (1!→01

!)c 12&2'

aPrediction corresponds to column 3 in Table II.
bPrediction corresponds to sum of 32&7'!48&5'.
cTentative assignments &see text'.
dIntensity determined indirectly &see text'.

FIG. 3. Partial decay scheme of 74Rb. Intensity of transitions
are given in units of 10#5 per 74Rb decay.
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direct mass measuremnts in Penning trap: 
• highest precision
• ISOLTRAP @ CERN
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TABLE III. Result of the atomic-mass evaluation incorporating our present results. The experimental mass excesses Dexp from the ISOLTRAP cyclotron frequency ratio measurements
were calculated by using the most recent values for the mass of 85Rb, the electron mass, and the unified atomic mass unit, all given in the text. Uncertainties (in parentheses) refer to the
least significant digits of a quantity. The literature values Dlit are from Ref. [25], except the ones for 87Rb and 133Cs, which are from the MIT Penning trap measurement [27]. The adjusted
mass excess Dnew is the result of a complete midstream atomic-mass adjustment and reflects the status of September 2006. The last column shows the influence of the present ISOLTRAP
measurements on the final value. The slight change between the ISOLTRAP results and the AME values for 76,80Rb is due to rounding errors that occur in the additional calculation steps of
the AME. The second part of the table shows the nuclides that are indirectly influenced by the present mass measurements; the relevant mass relation as well as the literature masses and the
new adjusted mass excesses are indicated.

Nuclide Dexp Dlit Dexp − Dlit Dnew Infl.
(keV) (keV) (keV) (keV) (%)

2000 2002 2003 mean

64Zn −65 998.6(7.8) −65 998.6(7.8) −65 999.5(1.7) 0.9(8.0) −66 003.56(68) 0
71Ga −70 137.5(1.2) −70 137.5(1.2) −70 136.8(1.8) −0.7(2.2) −70 139.14(79) 42
74Ga −68 047(21) −68 019(32) −68 041(18)a −68 050(70) 9(72) −68 049.6(3.7) 0
74Rb −51 905(18)b −51 917.3(4.8)c −51 910.7(7.0)c −51 914.7(3.9) −51 730(720) −180(720) −51 917.0(3.7) 84
75Rb −57 218.6(1.6) −57 225(20) −57 218.7(1.6) −57 222.0(8.0) 3.3(8.2) −57 218.7(1.6) 100
76Rb −60 479.8(1.8)b −60 488(14) −60 477.0(1.5) −60 478.1(1.1) −60 481.0(8.0) 2.9(8.1) −60 478.1(1.2) 100
77Rb −64 830.5(1.3) −64 830.5(1.3) −64 826.0(8.0) −4.5(8.1) −64 830.5(1.3) 100
79Rb −70 803.0(2.1) −70 803.0(2.1) −70 797.0(7.0) −6.0(7.3) −70 803.0(2.1) 100
80Rb −72 175.4(1.8) −72 175.4(1.8) −72 173.0(7.0) −2.4(7.2) −72 175.5(1.9) 100
83Rb −79 070.6(2.3) −79 070.6(2.3) −79 073.0(6.0) 2.4(6.4) −79 070.6(2.3) 100
84Sr −80 649.5(1.4) −80 649.5(1.4) −80 644.0(3.0) −5.5(3.3) −80 648.7(1.3) 86
87Rb −84 597.94(75) −84 597.94(75) −84 597.795(12) −0.14(75) −84 597.795(12) 0
88Sr −87 938(18) −87 938(18) −87 919.7(2.2) −18(19) −87 922.0(1.1) 0
133Cs −88 072.5(1.5) −88 072.5(1.5) −88 070.958(22) −1.6(1.5) −88 070.960(22) 0

71Ge primary, via 71Ge(ε)71Ga −69 904.9(1.7) −69 906.65(80) 32
72Ga primary, via 71Ga(n, γ )72Ga −68 586.5(2.0) −68 588.30(79) 29
75Sr tertiary, via 75Sr(ε)75Rb −46 650(300)d −46 620(220) 100
82Sr primary, via 84Sr(p, t)82Sr −76 009.0(6.0) −76 010.7(5.4) 41
84Rb primary, via 84Rb(β−)84Sr −79 750.0(3.0) −79 752.8(2.7) 34
84Y secondary, via 84Y(β+)84Sr −74 160(90) −74 163(91) 86

aA possible isomeric contamination has been corrected for.
bThis result has been published previously [24].
cThis result has been published previously [13].
dMass excess estimated from systematic trends.
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TABLE III. Result of the atomic-mass evaluation incorporating our present results. The experimental mass excesses Dexp from the ISOLTRAP cyclotron frequency ratio measurements
were calculated by using the most recent values for the mass of 85Rb, the electron mass, and the unified atomic mass unit, all given in the text. Uncertainties (in parentheses) refer to the
least significant digits of a quantity. The literature values Dlit are from Ref. [25], except the ones for 87Rb and 133Cs, which are from the MIT Penning trap measurement [27]. The adjusted
mass excess Dnew is the result of a complete midstream atomic-mass adjustment and reflects the status of September 2006. The last column shows the influence of the present ISOLTRAP
measurements on the final value. The slight change between the ISOLTRAP results and the AME values for 76,80Rb is due to rounding errors that occur in the additional calculation steps of
the AME. The second part of the table shows the nuclides that are indirectly influenced by the present mass measurements; the relevant mass relation as well as the literature masses and the
new adjusted mass excesses are indicated.

Nuclide Dexp Dlit Dexp − Dlit Dnew Infl.
(keV) (keV) (keV) (keV) (%)

2000 2002 2003 mean

64Zn −65 998.6(7.8) −65 998.6(7.8) −65 999.5(1.7) 0.9(8.0) −66 003.56(68) 0
71Ga −70 137.5(1.2) −70 137.5(1.2) −70 136.8(1.8) −0.7(2.2) −70 139.14(79) 42
74Ga −68 047(21) −68 019(32) −68 041(18)a −68 050(70) 9(72) −68 049.6(3.7) 0
74Rb −51 905(18)b −51 917.3(4.8)c −51 910.7(7.0)c −51 914.7(3.9) −51 730(720) −180(720) −51 917.0(3.7) 84
75Rb −57 218.6(1.6) −57 225(20) −57 218.7(1.6) −57 222.0(8.0) 3.3(8.2) −57 218.7(1.6) 100
76Rb −60 479.8(1.8)b −60 488(14) −60 477.0(1.5) −60 478.1(1.1) −60 481.0(8.0) 2.9(8.1) −60 478.1(1.2) 100
77Rb −64 830.5(1.3) −64 830.5(1.3) −64 826.0(8.0) −4.5(8.1) −64 830.5(1.3) 100
79Rb −70 803.0(2.1) −70 803.0(2.1) −70 797.0(7.0) −6.0(7.3) −70 803.0(2.1) 100
80Rb −72 175.4(1.8) −72 175.4(1.8) −72 173.0(7.0) −2.4(7.2) −72 175.5(1.9) 100
83Rb −79 070.6(2.3) −79 070.6(2.3) −79 073.0(6.0) 2.4(6.4) −79 070.6(2.3) 100
84Sr −80 649.5(1.4) −80 649.5(1.4) −80 644.0(3.0) −5.5(3.3) −80 648.7(1.3) 86
87Rb −84 597.94(75) −84 597.94(75) −84 597.795(12) −0.14(75) −84 597.795(12) 0
88Sr −87 938(18) −87 938(18) −87 919.7(2.2) −18(19) −87 922.0(1.1) 0
133Cs −88 072.5(1.5) −88 072.5(1.5) −88 070.958(22) −1.6(1.5) −88 070.960(22) 0

71Ge primary, via 71Ge(ε)71Ga −69 904.9(1.7) −69 906.65(80) 32
72Ga primary, via 71Ga(n, γ )72Ga −68 586.5(2.0) −68 588.30(79) 29
75Sr tertiary, via 75Sr(ε)75Rb −46 650(300)d −46 620(220) 100
82Sr primary, via 84Sr(p, t)82Sr −76 009.0(6.0) −76 010.7(5.4) 41
84Rb primary, via 84Rb(β−)84Sr −79 750.0(3.0) −79 752.8(2.7) 34
84Y secondary, via 84Y(β+)84Sr −74 160(90) −74 163(91) 86

aA possible isomeric contamination has been corrected for.
bThis result has been published previously [24].
cThis result has been published previously [13].
dMass excess estimated from systematic trends.
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TABLE III. Result of the atomic-mass evaluation incorporating our present results. The experimental mass excesses Dexp from the ISOLTRAP cyclotron frequency ratio measurements
were calculated by using the most recent values for the mass of 85Rb, the electron mass, and the unified atomic mass unit, all given in the text. Uncertainties (in parentheses) refer to the
least significant digits of a quantity. The literature values Dlit are from Ref. [25], except the ones for 87Rb and 133Cs, which are from the MIT Penning trap measurement [27]. The adjusted
mass excess Dnew is the result of a complete midstream atomic-mass adjustment and reflects the status of September 2006. The last column shows the influence of the present ISOLTRAP
measurements on the final value. The slight change between the ISOLTRAP results and the AME values for 76,80Rb is due to rounding errors that occur in the additional calculation steps of
the AME. The second part of the table shows the nuclides that are indirectly influenced by the present mass measurements; the relevant mass relation as well as the literature masses and the
new adjusted mass excesses are indicated.

Nuclide Dexp Dlit Dexp − Dlit Dnew Infl.
(keV) (keV) (keV) (keV) (%)

2000 2002 2003 mean

64Zn −65 998.6(7.8) −65 998.6(7.8) −65 999.5(1.7) 0.9(8.0) −66 003.56(68) 0
71Ga −70 137.5(1.2) −70 137.5(1.2) −70 136.8(1.8) −0.7(2.2) −70 139.14(79) 42
74Ga −68 047(21) −68 019(32) −68 041(18)a −68 050(70) 9(72) −68 049.6(3.7) 0
74Rb −51 905(18)b −51 917.3(4.8)c −51 910.7(7.0)c −51 914.7(3.9) −51 730(720) −180(720) −51 917.0(3.7) 84
75Rb −57 218.6(1.6) −57 225(20) −57 218.7(1.6) −57 222.0(8.0) 3.3(8.2) −57 218.7(1.6) 100
76Rb −60 479.8(1.8)b −60 488(14) −60 477.0(1.5) −60 478.1(1.1) −60 481.0(8.0) 2.9(8.1) −60 478.1(1.2) 100
77Rb −64 830.5(1.3) −64 830.5(1.3) −64 826.0(8.0) −4.5(8.1) −64 830.5(1.3) 100
79Rb −70 803.0(2.1) −70 803.0(2.1) −70 797.0(7.0) −6.0(7.3) −70 803.0(2.1) 100
80Rb −72 175.4(1.8) −72 175.4(1.8) −72 173.0(7.0) −2.4(7.2) −72 175.5(1.9) 100
83Rb −79 070.6(2.3) −79 070.6(2.3) −79 073.0(6.0) 2.4(6.4) −79 070.6(2.3) 100
84Sr −80 649.5(1.4) −80 649.5(1.4) −80 644.0(3.0) −5.5(3.3) −80 648.7(1.3) 86
87Rb −84 597.94(75) −84 597.94(75) −84 597.795(12) −0.14(75) −84 597.795(12) 0
88Sr −87 938(18) −87 938(18) −87 919.7(2.2) −18(19) −87 922.0(1.1) 0
133Cs −88 072.5(1.5) −88 072.5(1.5) −88 070.958(22) −1.6(1.5) −88 070.960(22) 0

71Ge primary, via 71Ge(ε)71Ga −69 904.9(1.7) −69 906.65(80) 32
72Ga primary, via 71Ga(n, γ )72Ga −68 586.5(2.0) −68 588.30(79) 29
75Sr tertiary, via 75Sr(ε)75Rb −46 650(300)d −46 620(220) 100
82Sr primary, via 84Sr(p, t)82Sr −76 009.0(6.0) −76 010.7(5.4) 41
84Rb primary, via 84Rb(β−)84Sr −79 750.0(3.0) −79 752.8(2.7) 34
84Y secondary, via 84Y(β+)84Sr −74 160(90) −74 163(91) 86

aA possible isomeric contamination has been corrected for.
bThis result has been published previously [24].
cThis result has been published previously [13].
dMass excess estimated from systematic trends.
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• limitation due to T1/2 

• to improve precision further:  HCI
• TITAN only online facility to use HCI

A. Piechaczek et al., PRC 67, 051305(R) (2003)

super-
allowed

A. Kellerbauer et al., PRL 93, 072502 (2004)
PRC 76, 045504 (2007)
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radioactive HCI @ TITAN

33

off-line ion source

SCI

SCI

a) SCI

SCI

b) HCI

Time-of-flight gate

SCI SCI

Figure 1: (colour on-line) The TITAN experimental setup which includes a RFQ, a high-
precision Penning trap, an EBIT, a time-of-flight gate and an off-line ion source. a) Shown
in red is the path of the beam when mass measurement on singly charged ions (SCI) is
performed. b) In blue is the path for highly charged ions (HCI) mass measurement.

cause the precision of mass measurements performed using Penning traps
linearly increases with the charge state.

The high-precision mass measurements carried out at TITAN (shown in
figure 1) are achieved through a series of steps. First, the continuous ion
beam from ISAC (Isotope Separator and ACcelerator) is delivered to TI-
TAN where it is cooled and bunched using a gas-filled linear radio-frequency
quadrupolar (RFQ) trap [26]. The subsequent step depends on whether a
mass measurement is performed using singly charged ions (SCI), or highly
charged ions. The ions can either be transferred to an electron-beam ion trap
(EBIT) [27, 28], where charge breeding takes place (blue path in figure 1),
or sent directly to the Penning trap (MPET) where the mass of the ion of
interest is determined (red path in figure 1).

Precision and accuracy are critical for high impact mass measurement in
particular for experiments where relative uncertainty on the level of δm/m ≤
5×10−9. Therefore, it is critical to ensure that the TITAN Penning trap
can accurately perform mass measurement at this level of precision. This
paper gives a detailed description of the TITAN Penning trap and documents
the various systematic studies performed in order to ensure reliable mass

3

Simulation and Testing of a Bradbury-Nielsen Gate TRIUMF 2010

d (µm) Transmission (%) Slope %
V

20 90.9± 0.3 −0.0006± 0.0004
42 95.4± 0.3 −0.0005± 0.0003
58 96.7± 0.3 −0.0004± 0.0003

71.5 97.1± 0.3 −0.0003± 0.0003

3 Mechanical Parts

3.1 Pictures

Figure 13 and Figure 14 are pictures of the assembled Bradbury-Nielsen gate
before it was mounted on a flange and installed in the beam line.

Figure 13: Frame with a 42 mil wire spacing.

11

Bradbury-Nielsen
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Electron Beam Ion Trap

34

confinement:
– axial by electrostatic field
– radial by electron beam + B- field

B-field (up to 6 T) compresses e- beam
⇒e- density  up to 10 000 A/cm2

⇒increased ionization rate

requirements for charge breeding:
• efficient 

• fast
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TITAN’s EBIT

35

A+ (~ 2 keV)

Magnet / Trap

Electron gun

Electron collector

@ 4 T, as close as 10 cm 
from the trap center

trap
electrode

X-ray spectroscopy: 
• diagnostics tool for charge breeding
• EC-BR measurement (discussed later)

A+q

LEGe X-ray detector

E-beam energy: ~ 7 keV
E-beam current: ~50 mA
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Dipole Cleaning in  EBIT

36

31

@ 4 T, as close as 10 cm 
from the trap center

+ (0o)

- (180o)

Phase splitter /
RF coupler

HV
(~ +2 kV)

-
- -

-
+

++
+

RF
generator

E-beam energy: 3.880 keV
E-beam current: ~5 mA
Breeding time: 100 ms
Extraction (dump) time: 1 ms
(E-beam switched)

Sweep: 4.2–4.4 MHz
Continuous 1-ms sweeps
Excitation voltage: 10 Vpp

Dipole cleaning

No cleaning
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Charge Breeding of 75Rb
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75Rb+1 injected into EBIT
no ions injected into EBIT
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B field: 3 T
e current: 10 mA 
charge breeding time: 35 ms
extraction time: 800 ns
500 ion shots

EBIT

MCP

TO
F path

charge bred residual gas

preliminary
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charge breeding time
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76Rb

39

•very first mass measurement of radioactive HCIs

•stat. uncertainty of < 300 eV achieved in a few hours
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Ramsey excitation of 75Rb
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20 15 10 5 0 5 10 15 20
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26

28
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32

rf  6 064 157 [Hz]

<T
O

F>
[µ

s]

75Rb+8

Ramsey 6  85  6 ms

14

Ramsey excitation:
•2 excitation pulses
•improves precision by a factor 2 - 3 

preliminary
TITAN 2010

ISOLTRAP

HCI
during this beamtime demonstrated 
up to q=12+

compared to conventional method: 
improvement by factor >24 
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74Rb
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rf  6 145 698 [Hz]
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Trf= 30 ms
74Rb+8

74Rb:
•Yield: around 2000/s + contamination from 74Ga
•precision already comparable to ISOLTRAP (2007)
 BUT 
•data of < 20 hours 
•power outage during 74Rb => reconditioning of EBIT => lower efficiency
=> „easy‰ improvement next time

preliminary

σstat≈ 4.1 keV

S. Ettenauer et al., in preparation
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HCI and Isomers

42

78mRb

78Rb

111.2 keV

q=8+  & Trf = 197 ms q=1+  & Trf = 997 ms
Calculation:

∆ν ≈ 1/Trf

νc =
1

2π

q

m
B

A.T. Gallant et al., in preparation



20 15 10 5 0 5 10 15 20
20

22

24

26

28

30

32

34

rf  5 831 500 [Hz]

<T
O

F>
[µ

s]

20 15 10 5 0 5 10 15 20
22

23

24

25

26

27

28

29

30

31

rf  5 831 500 [Hz]

<T
O

F>
[µ

s]

Trf= 197 msTrf= 97 ms

78,78mRb+8

preliminary

May 13, 2011 Rare Isotopes at TITAN for  Nuclear  Structure

HCI and Isomers

42

78mRb

78Rb

111.2 keV

q=8+  & Trf = 197 ms q=1+  & Trf = 997 ms
Calculation:

Measurement:

∆ν ≈ 1/Trf

νc =
1

2π

q

m
B

A.T. Gallant et al., in preparation
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EC-BR measurements and
2νββ Matrix Elements

43

35

neutrino oscillation experiments:
• neutrino massive
• BUT: no information about absolute mass scale & type of mass

absolute scale:
• electron endpoint energy in beta decay
• astrophysical limit

• 0νββ decay

0νββ decay
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EC-BR measurements and
2νββ Matrix Elements

43

35

neutrino oscillation experiments:
• neutrino massive
• BUT: no information about absolute mass scale & type of mass

absolute scale:
• electron endpoint energy in beta decay
• astrophysical limit

• 0νββ decay

0νββ decay

d

d

u

u

d

d

u

ueffective Majorana mass term



theoretical models:
• proton-neutron Quasiparticle Random Phase Approximation (pnQRPA)
• nuclear shell model
• interacting boson model

• !! NEW: χEFT !!
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Nuclear Matrix Element
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0νββ decay rate:

phase space 
factor

effective Majorana 
mass

nuclear matrix element:

J. Menéndez et al., arXiv:1103.3622
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• adjustable particle-particle parameter gpp

• fix gpp with 2νββ decay (very sensitive on 
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• 0νββ decay much less dependent on gpp gpp
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0νββ decay rate:

• adjustable particle-particle parameter gpp

• fix gpp with 2νββ decay (very sensitive on 
gpp )

• 0νββ decay much less dependent on gpp gpp

phase space 
factor

effective Majorana 
mass

nuclear matrix element:

BUT:
problems with decay of 
intermediate nucleus

J. Menéndez et al., arXiv:1103.3622
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trap
electrode

EBIT in Penning trap mode
confinement:
• axial by electrostatic field
• B-field (6 T) 

in-trap spectroscopy:

 strong B field spatial separation of 
X-ray and β-particles

 segmented trapping electrodes → 
close placement of X-ray detectors

 extract ions after observation time     
→ low background

 β-dectector: anti-coincidence

no β - background 
no absorption in backing material  

J. Dilling et al., Can. J. Phys. 85, 57 (2007)
T. Brunner et al., NIM B 266, 4643 (2008)
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Injection

Extraction

Magnet / Trap

β – detector (PIPS)

LEGe X-ray detector
in vacuum

@ 4 T, as close as 10 cm away from 
the trap center

20 % Coax Ge external

total solid angle: 0.7 %
final: 2.1 %
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S. Ettenauer et al., AIP Conf. Proc. 1182(2009)100 

321 keV

205 keV

107In X-
rays

321 keV

205 keV

107In X-
rays

LEGe Ge107In

 BR(EC)=( 55 ± 20  ) %
     lit  =( 64  ±  3  ) %

but problems with 
ion losses in trap

126Cs
511 keV

491 keV
126Cs

388 keV
126Cs

First time:

β+ spectrum from 
126Cs ions stored 
inside the trap

preliminary
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S. Ettenauer et al., AIP Conf. Proc. 1182(2009)100 
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205 keV

107In X-
rays

LEGe GeGe ‘Background’ subtracted107In

 BR(EC)=( 55 ± 20  ) %
     lit  =( 64  ±  3  ) %

but problems with 
ion losses in trap

126Cs
511 keV

491 keV
126Cs

388 keV
126Cs

First time:

β+ spectrum from 
126Cs ions stored 
inside the trap

PIPS spectrum 
in coincidence 
with γ event

γ spectrum in 
coincidence with 
β+ event preliminary



• Halo nuclei

- benchmark for theory: (3N-) forces & methods

- mass essential, but experimentally challenging: 6,8He, 11Li, 11,12Be @ TITAN

• new magic numbers

- again importance of 3N-forces

- TITAN: towards N=34

• δc in NME for Vud from superallowed β decays

- exp. support to theory: e.g. charge radius from LS (74Rb)

- TITAN: first online mass measurements with HCI

• NME for 0νββ-decays

- in-trap decay spectroscopy TITAN: new approach to measure EC-BR

• χEFT: consistent framework of nucl. forces (+ bridges to QCD)

• use of these nucl. forces in various methods all over nuclear chart
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85Rb+17
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